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On the Energy-Momentum Tensor of the Gravitional Field. 


F. R. TANGHERLINI (*) 


Scuola di Perfezionamento in Fisica Teorica e Nucleare - Napoli 


(ricevuto il 5 Agosto 1960) 


Summary, — In a previous note it was suggested that x1 Ag,,, with A> 0 
fulfills the basic requirements of a generally covariant energy-momentum 
tensor for the gravitational field. Some further justification is given for 
this hypothesis by a) studying the character of the field equations in the 
absence of the cosmological term; 6) a re-interpretation of the line 
element based on Mach’s principle; c) calculating the gravitational proper 
energy for de Sitter static universe with and without a Schwarzschild field 
present and showing that the difference is proportional to the Schwarzschild 
mass. Finally an attempt is made to define a true tensor for the angular 
momentum density. It is shown that in this way one is led to a defi- 
nition of «physical co-ordinates ». These co-ordinates are determined 
in such a way that in the weak-field limit they approach the usual Lorentz 
co-ordinates. However it is not possible to arrive at these co-ordinates 
by imposing co-ordinate conditions, since they form the components 
of a vector. To the extent that the angular momentum of the gravita- 
tional field is covariantly conserved, the co-ordinates may be obtained 
as the gradient of a world scalar which satisfies an inhomogeneous 
d’Alembertian equation. 


1. — Introduction. 


(*) Present address: Institute of Field Physics, University of North Carolina, 


In a previous note (+) several requirements were listed for the energy- 


momentum tensor of the gravitational field. 
cosmological term x ‘g,, with A > 0, satisfied these requirements, and some of 


Chapel Hill, N.C. 
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(1) F. R. TANGHERLINI: Nuovo Cimento, 15, 385 (1960). 


1 — Jl Nuovo Cimento. 


It was pointed out that the 
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the main results based on using this tensor were briefly indicated. In this 
paper we shall discuss some of these results in greater detail and carry out the 
indicated calculations. We shall also attempt to enlarge on these results by 
considering the problem of defining a true angular-momentum density tensor 
in the general theory, this will lead us to define and discuss « physical co- 
ordinates » which are a covariant generalization of Lorentz coordinates. 

Before carrying out these calculations, however, we should like to examine 
the problem of an energy-momentum tensor for the gravitational field in greater 
detail. Frequently the objection against a true tensor for the gravitational 
field is based on the principle of equivalence, namely: in a freely falling frame 
(i.e. one in which the ie vanish locally) the effects of the gravitational field 
disappear and hence presumably the gravitational energy momentum tensor. 
This forms the basis for the pseudo-tensors (or more accurately « complexes ») 
of EINSTEIN and LANDAU, although not that of MOLLER (?). However, strictly 
speaking, even in a freely-falling frame one does not eliminate the gravita- 
tional field but its gradients (i.e. the Newtonian «forces »), the special rela- 
tivity metric still remains and bodies still have inertia. Now this persistency 
of the metric from the standpoint of Mach’s principle is simply a consequence 
of the fact that by a co-ordinate transformation we can never eliminate a body’s 
interaction with the distant masses of the universe, and hence the gravitational 
field (*). The expression we have given for the energy-momentum tensor, 
x ‘Ag,, has the above features. In a locally Galilean frame the derivatives of 
the g,, vanish, even though g,, itself does not vanish but may be normalized 
LOW cls tag ml el, 1-10). 

Let us now consider the invariance property of the mixed tensor x Agé. 
From a physical standpoint it may seem strange that an energy-momentum 
tensor should be an invariant. However as was also pointed out for this 
tensor, the pressure p satisfied identically the relationship p=— wu, where u 
is the energy density. 

Now let us consider the transformation properties of such an energy mo- 
mentum tensor in special relativity (where by using the Minkowski formalism 
we can always eliminate the distinction between contravariant, covariant and 


(?) For a recent review of conservation laws see J. G. FLETCHER: Rev. Mod. Phys., 
32, 65 (1960), where further references are given. See also M. Magnusson: Mat. Fys 
Medd., 32, 6 (1960). 

(*) Assuming that this interaction is in some way mediated by the gravitational field. 

(4) We shall employ a time-like metric here since g,),g° are positive definite 
as well as gj. The use of such a metric then appears as a natural consequence of the 
requirement of positive-definiteness of the energy density of the gravitational field. 
Our use of a space-like metric in (') was in order to facilitate comparison with the papers 
| being discussed. However, in general, it is not possible to guarantee g,, > 0 everywhere 
(see Sect. 8), and it is not clear at present whether this implies such solutions should 
be modified, or whether these regions describe new, physically meaningful phenomena. 
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dI 


mixed tensors). We have in general for the energy momentum tensor 


de" da" 
il pr MÈ | ChE uv 
Now setting p——"u, we have 
(2) AMET laid 


which is a special relativistic invariant. Finally if we adopt the Minkowski 
formalism (5) 7“ > 6” and we have 


(3) AMA D) 


for all observers, as indicated in the generally covariant formalism by T“— 
=x 14g". Thus we see that the invariance of 6“ in general relativity which 
follows on mathematical grounds has a physical analogue, even in special 
relativity, and represents a peculiar property of any substance for which 
p=—U. 

Because of the invariance property of x-!Ag* we have argued previously 
that the homogeneous solutions to the field equations even if they have a wave- 
like nature do not transport gravitational energy. It also followed that in 
the limit A->0 there is no energy density in the gravitational field what- 
soever. Because of the importance of this result, before proceeding further, 
we would like to establish it on more general grounds without employing the 
expression x 119... 


2. The vanishing of the gravitational energy in the absence of the cosmological term. 


At first glance it might seem paradoxical that one should speak of a van- 
ishing gravitational energy because of the weli-known utility of the concept 
in Newtonian mechanics. For example a body of mass m raised a small dis- 
tance d above the earth has in this formulation a gravitational potential energy 
mgd which may be then converted into work, heat ete... Surely in such cireum- 
stances we are witnessing the conversion of gravitational energy into other 
forms of energy! The answer we propose to this assertion on the basis 
of the field equations is «no»!. We arrive at this by the following obser- 
vations: suppose the particle that was dropped has only weak interactions 
with matter, then the chances are that upon arriving at the surface of earth 


(5) Setting «i > ia’ (j=1, 2, 3). We prefer this version to the more customary one 
of setting x°—>ix9, since the former keeps the energy real, which for some calcula- 
tions is more convenient. 
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it would continue to pass right through, and there would be no transfer of energy. 
In other words the only experimental reason we have for believing in gravi- 
tational energy stems from the presence and collision of other fields, unlike 
for example electromagnetic energy for which we have direct experience in 
the form of energy-transmitting radiation (*). 

By a process of idealization let us now consider particles that from the 
standpoint of special relativistic field theory have no interaction with each 
other at all. Clearly for such particles there will never be any collision that 
would result in a transfer of so-called gravitational energy into other forms 
of energy. Falling together via the gravitational field, they will pass through 
one another. But they will be completely unaware of each other’s existence 
or motion. This is because there is no way such information could be im- 
parted, since, by assumption associated with each particle is only one physical 
number, its mass and as we shall now show it is always possible to choose the 
co-ordinate system for point particles so that this number is a constant of the 
motion for an observer travelling with the particle. 

Moreover this result will be deduced without introducing a pseudo-tensor 
for the gravitational field, since as we shall now see with appropriately chosen 
co-ordinate conditions (°) the covariant conservation law 


ove GT 1 Og 


oa" 2 00° 


(4) T° /=Gg=0, 


is sufficient. That is to say, for particles, under the assumptions below, it 
represents a true conservation law. 


(*) Note added in proof. — Needless to say, we are not denying the utility of the 
concept of gravitational potential energy, but rather emphasizing that this quantity 
should not be regarded as due to a distribution of gravitational energy per se as is the 
case for the electromagnetic interaction. For example, for the Schwarzschild field, 
the Einstein pseudo-tensor vanishes in quasi-rectangular co-ordinates, whereas for 
the electromagnetic field, for the comparable case of a charged particle, the Maxwell 
energy-momentum tensor does not vanish, and indeed is a true tensor. To the extent 
we wish to use the concept of gravitational potential energy, we have in a static co- 
ordinate system for a particle of mass m instantaneously at rest in the field, 
ste ee —1). It is from this interaction energy that the concept has arisen of gravi- 
ational energy existing as an independently distributed quantity, i.e. her fi 
analogous to the AE Our position A Fine ee Bee 
cosmological term can the concept of gravitational energy as a physical quantity Do 
consistently justified, and even then, as indicated in Sect. 3, with some restrictions 
on x A, if the final result is to be compatible with Mach’s principle. 

(°) This reliance on co-ordinate conditions we hope to eliminate or make more 
plausible in a future development, perhaps along the lines indicated in Section 4. 
Alternatively this method may be looked upon as (partially) choosing the co-ordinates 
for the integration problem. If the restrictions are not too severe so as to destroy 
the generality of the solution, we can then find the solution (i.e. the metric) in any 
other co-ordinate system by performing a co-ordinate transformation. 
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First of all we note that since we are dealing with particles, if we assume 
that they move without collision, we can in the neighborhood of a given par- 
| ticle disregard the contribution to V—gT" from the other particles. Pro- 
| vided, of course, the particle is conserved as a particle which we shall show is 
| the case. Let us now focus attention on a given particle and choose our co- 
ordinate system such that the particle is at rest da°/ds= 0, throughout the 
dynamical development, our final co-ordinate condition will guarantee this. Now 
under these circumstances the above conservation law takes the simple from (*) 


i ee eh Pee yey amr 
yor Joo \ g 


Qx° ope rx 9 dal Tea o(æ Ne 


| (5) 


| where o(x’) is the scalar density, which in a proper co-ordinate system at 
x = 0, say, was a ò-function. The problem is whether this 6-function is con- 
served in time. Now let us choose as our fourth co-ordinate condition 
0900/0x° = 0. Then (5) becomes 


[| 0v—90 
0 nue 
| dea Gat Voie 
From the first equation it follows 
(7) Vo aedte = 0. 
dt 


So that indeed the energy = | V— go d%x is a constant of the « motion », more- 
over if 4— go was a spatial d-function at 4° = 0, it remains so throughout 
| the motion. The other three equations are a requirement on the co-ordinate 
| system if the conservation law is to be satisfied (they also have another inter- 
pretation which we shall discuss shortly). We may therefore summarize the 


co-ordinate conditions as 


on _ 1 Goo 
8) au? — 2 Oar 


(*) Note added in proof. - Assuming that for a particle at rest, 7—=o/g,, with the 
other terms vanishing, as suggested by the tensor for « dust »: T#—= 9(dx#/ds)(dx”/ds). 
However, in the case of the Schwarzschild field, this only holds in the so-called weak 
field approximation with ds?= (1 — (2Gm/r)) dt? — (1+(2Gm/r))dx*da?. Thus one has 
OD, — $6,,h) = — 247%, with gu=luythu and = hay, h=hi,. Substituting the 
above values of h,, one finds readily only T)40. But we found recently (Phys. Rev. 
Lett. 6, 147 (1961)) that the exact structure of 7”, is different: only the trace of the 
spatial stresses vanishes. See note at end of this section. 


Sr 


6 F. R. TANGHERLINI 


Let us now substitute these conditions in the geodesic equations to see 
whether they are consistent with our assumption dx*/ds = 0, we find, bearing 
in mind only terms such as /(dx°/ds)? contribute, 


d°x” n J0no 1 090 (= 2 
ae va =. = 0 
oy dr 9 2 I a i 


or d°x*/ds° = 0, so that the particle remains unaccelerated and hence the con- 
ditions are consistent. Thus for particles there is nothing in the field equations 
or the dynamics which corresponds to a transfer of energy from one particle 
to another. There is therefore no way of informing one particle of the motion 
of another, unless one introduces interactions in the sense of special relativity 
which correspond to distributed fields and since such fields are not incorpo- 
rated in the T# used above, their introduction is incompatible with the problem 
in question. 

Typical examples of the above co-ordinate conditions are provided by the 
choice of g,,= 6,, as employed in cosmology, or in Lemaitre’s non-static ex- 
pression for the Schwarzschild field. However the above conditions are more 
general and are satisfied by any choice of co-ordinates for which 


| Jo =1+ 2U(a') , 
(10) ; (i, j= 1, 2, 3), 


where we have written the expression for go in the above form for the fol- 
lowing reason: if we choose our spatial co-ordinate system appropriately the 
conditions (8) may be looked upon as a disguised form of Newton’s equations 
of motion in a gravitational field. However, since the particle is taken to be 
at rest dæ‘/ds — 0, it is the space-time structure rather than the particle that 
undergoes the acceleration, regarding 4%; as a generalized velocity. Hence the 
above co-ordinate conditions represent a kind of Ptolemaic version of the New- 
tonian equations, it is in keeping with the spirit of general relativity and 
Fermi’s theorem that such a version should be possible. 

We have gone through the above discussion in perhaps unnecessary detail 
to bring out the fact that the concept of gravitational pseudo-energy serves no 
useful purpose whatsoever in the discussion of the motion of mass points and 
also that there is no mechanism in the general theory for a system mass points 
to emit and absorb energy. This is in contrast with a system of charges in 
electromagnetic theory. The analogy between the two disciplines being that 
just as electromagnetic waves do not transport charge, gravitational waves 
do not transport energy. The Bianchi identities conserves energy of mass 
points just as the asymmetry of F,, conserves charge, 0°4/— gF Ox" On” = 0. 
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Needless to say it would be desirable to supplement the above discussion 
with an exact solution to the two body problem, say in the case of two mass 
points which are oscillating back and forth along their line of centers by pas- 
sing through one another. It would be natural for this problem to choose the 
initial conditions so that both particles were at rest. Then, adopting the above 
co-ordinate conditions they would remain at «rest » (7) throughout the dynam- 
ical development, the motion of course being transferred to the non-static 
form of the line-element. Since d/dt i V/—gT, dx = 0, there can be no ques- 
tion of gravitation radiation removing energy from the system. If further we 
choose go = 1 (*), then also d/dtf— g Ti dx = 0 corresponding to the con- 
servation of momentum. Under these circumstances g;=— f;(«’). 

On the basis of the above discussion it should be possible to find an exact 
solution to the problem which exhibits stationary states. 

The assumption of perfect transparency for the particles seems the only 
justifiable one in view of the inherent relativistic difficulties for defining, say 
«hard spheres ». In any case the rigorous solution of the field equations may 
suggest in a natural way the correct condition on the scattering. Thus it may 
be, that just as the field equations contain the Newtonian and post-Newtonian 
equations of motion of point particles under the assumptions of the Einstein, 
Infeld, Hoffmann method (*), so with appropriate assumptions they may 
contain the scattering as well (*). 


(7) This follows also from Newton’s first law when we take into account that the 
gravitational field does not exert true « forces » from the standpoint of the general theory. 

(8) Strictly speaking all we need is ggo=1, 090/9x°=0 at each particle, and hence 
©I0;/dx°=0 at each particle. These are our only « boundary conditions ». As Einstein 
pointed out in the early days, boundary conditions at infinity are entirely gratuitous 
and are extremely complicated assumptions. 

(9) For a review of this work, see, e.g. L. INFELD: Rev. Mod. Phys., 29, 398 (1957). 

(*) Note added in proof. — Because of the more complicated structure we have 
found recently for the energy-momentum tensor of a point particle, the above argument 
must be revised. Thus for a point mass source for the Schwarzschild field, we have 
found, in polar coordinates, T,—diag (1, 1, — 3, — 3) T, where T=T)=m0(r)/2nr?. 
Hence, for a particle at rest, although the spatial trace T° vanishes, the individual 
spatial components in general do not. We therefore have a weaker relation than for 
« dust », i.e., for a point particle at «rest »: TJ=7, T;=0, and this is of course an inva- 
riant statement under subsequent purely spatial transformations, e.g., in quasi-rectan- 
gular co-ordinates, T0—T, TÎ=1T(3n;n;— 6,;), where n;=%'/r. 

However, under these circumstances, we cannot legitimately use a representation 
for a particle given by T#= T(dx#/ds)(dx*/ds), since by definition a particle is « at rest » 
if dxi/ds=0, and this would imply T—0, which is not the case. Thus some new 
representation is needed for the particle’s tensor which will be an appropriate gener- 
alization of the classical one. The following remarks are a very preliminary and ten- 
tative approach to this question. 

For a particle, we define a «structure tensor» with the following properties: 
a) T—T®" (T is assumed to be a singular distribution); b) D—@"; e) DA 
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3. — Calculations with the cosmological term and Mach’s principle. 


The historical reason for introducing Ag,, was that EINSTEIN wanted to 
construct a closed static universe which would at once reflect Mach’s principle 
and the (at that time) static properties of the fixed stars. However as was 
shown by de Sitter there exists a solution even in the absence of matter: 


2 
(11) ds? = (1 — il dt? — goo dr? — r? (d6? + sin? Ody?) , 


so that the introduction of Ag,, does not guarantee Mach’s principle. More- 
over as the red shift of the distant galaxies indicate, the universe is not static. 
As a consequence of these results together with Friedmann’s solutions, EINSTEIN 
later argued that there was no longer any justification for the term (1). 
The difficulty that remains, however, is how are we to incorporate Mach’s 
principle into the general theory? On the other hand the following approach 


d) for a particle «at rest »: D ©’—0 Di—0 (and hence ®}=1). Thus we have seven 
conditions on the particle’s structure tensor for «rest» instead of the classical nine, 
which would be @*“=0. The imposition of two less constraints on the tensor for rest 
are required by the fact that only the trace of the spatial stresses vanishes. 

Let us now adopt co-ordinates in which the particle is at rest; this will in general 
require three co-ordinate conditions. From A we shall then obtain the conser- 
vation statement 0,./— gT)=0, provided we can satisfy at the position of the particle 
00,9,» =9, or, alternatively, since D*g,,=1, we have g,,0,0"=0. In this form, the 
requirement appears as a condition on the time development of the particle’s structure 
tensor when it is at rest. 

In the case of the gravitational energy momentum tensor, B= Ad" since Hi, E° 
vanish identically, the gravitational field is, so to speak, always at rest for all observers 
in all coordinate systems —- as we would expect from the basic principles of rela- 
tivity. However, to obtain a conservation statement, one must impose the condition 
OV—9=9, OF Jig" =0, in analogy with the particle. However, in this case it is a 
genuine coordinate restriction, and restricts the definition of time by a conservation 
requirement. Since in general we require \/—g > 0 this restriction will then be guar- 
anteed throughout the dynamical development. 

In order to guarantee that the conservation condition @)\/—g=0 will be compa- 
tible with the particle conservation condition g,,0,2"—0, we define the vector SD; 
and let S, be space-like $,8"< 0. Then for a particle at rest we demand S,—0, and 
hence 0/— 9 = — + —9g»,0,®" from which the compatibility follows. 

However, the above remarks should be looked upon as only a temporary expedient 
in place of a rigorous argument from first principles leading to a well-defined repre- 
sentation for the 7}. The structure of the cosmological term has proven to be useful 
in imposing suitable requirements on the 7 by analogy, but as we shall see below, 
the introduction of the cosmological term is not free of difficulties when we inquire as 
to the total energy of the gravitational field. 

(19) A. EINSTEIN: Sitzber. Preuss. Akad. Wiss., 12, 235 (1931); see, however, H. P. 
ROBERTSON: Helv. Phys. Acta Supp., 4, 128 (1956). see also W. A. Baum: Astron. 
Journ. 62, 6 (1957); A. SanDAGE; Astrophys. Journ. 127, 513 (1958). 
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to Mach’s principle leads immediately to the cosmological term. If we demand 
that inertial effects arise as a consequence of a body’s motion relative to the 
distant masses, then effectively we are saying there would be no particle 
dynamics if there were no distant masses. Now the simplest way to insure 
this would be to construct a particle dynamics on the principle 


(12) ò | VE, da" da = 0, 


where £,, is a mean energy-momentum tensor for the background field, if 


uv 


E,,= 0, clearly there is no dynamics. Now we construct a geometry on Æ 


uv 


and then use Hinstein’s field equations to write 


uv? 


(13) N) Pe xE,, ? 


which we recognize as the field equations with cosmological term in units for 
which x*A=1 and the singularities have been smeared out into the £,,. 
On the other hand, we know observationally that matter is not smeared out 
and so there is still some mystery as to how a particle is aware of the existence 
of the other particles. One answer lies in assuming that there is a continuous 
distribution of energy associated with the gravitational field and that it is 
this quantity which determines the metric, the material particles and other 
forms of energy acting as a perturbation on this distribution, %.e. 


(14) CE) “ica x(E,, "n I) 9 


Thus g,,, or in ordinary units x-1/g,,, should be looked upon as the energy- 
momentum tensor for the gravitational field. 

Alternatively we may regard the assumption x= A as not merely a con- 
venient choice of units but a natural one if we consider the possibility that 
the cosmological constant and the gravitational constant (i.e. 87G/c') are not 
really two different constants of nature, but the same, and their apparent 
difference is due to an initial unfortunate choice of units. Clearly it is only 
reasonable to construct a system of units upon invariant quantities of the 
problem, è.e., H}, and c. In this system of units we have the following table: 


Quantity Dimensions 

Fermi interaction coupling constant LS 
Action, angular momentum LA 
Energy, mass ib? 
Force, charge L? 
Electromagnetic potentials, meson field L 

Velocity, energy density, pressure, electromagnetic field strengths D 
Acceleration, charge density, current Jb" 
Gravitational constant, gauge scalar, A-funetions 2 
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Although integral powers of a length (11) are obtained also for units with 
f=1, c=1, or G=1, c=1, ete., the advantage of the above system is that 
it associates, for example, mass with a volume, in keeping with our elemen- 
tary definition of mass. The association of force with a cross-section is not 
surprising if we consider that in a scattering process we change the momentum 
of the particle by AP in the interaction time 7, that is in classical language 
we exert a force on the particle and this is a measure of the cross-section. 
Of more interest for our purpose here, however, is the association of the 
vector potential with the dimensions of co-ordinates which we shall employ 
as a guide later on. 

We shall now use the expression for the energy-momentum tensor to cal- 
culate the proper energy of the gravitational field in the case of no particles 
present, de Sitter static universe, and in the case of one particle present (*). 

For the former case we have an expression of the form in polar co-ordinates 


(15) E = «7 fr auras = terra rar 


However, a curious difficulty arises in connection with assigning the domain 
for this integral. If we argue that, since for r> È, go<0, r= È represents 
a natural cut-off, then we should be similarly obliged to perform such a cut-off 
at the lower limit that occurs when the Schwarzschild field is present, 7.e., 
neglecting the cosmological term, at r= 2Gm. But it would then follow, for 
a point mass, since 7} = mò(r)/2rr® that 


(16) E (Schwarzschild) = tax] Terear =(. 


2Gm 


However, mathematically, it is quite difficult to justify such a cut-off, since 
the Riemann invariants for the Schwarzschild field, given by R#,, behave 
as 1/r° and are indeed regular at r—2Gm, showing only a singularity at 
r=0. Also the field equations G“=—xT" show no barrier at r=2Gm. 


(11) Except of course for the Schrédinger wave function which has dimensions [-% 
(as well as the spinor field). In this dimensional approach we see in a simple way 
the non-classical character of y, since all other « physical » quantities are associated 
with integral dimensions. One might consider a redefinition of » by regarding it 
a; the amplitude for finding the inertia of a particle, in which case y would be dimen- 
sionless. Apart from dimensional considerations, the basis for such an approach would 
lie in the fact that the problem of inertia is not dealt with in the foundations of quantum 
mechanies. This was natural in the early days of the theory but at present it can only 
be regarded as a serious deficiency which becomes all the more acute when we attempt 
to understand the mass spectra of elementary particles from first principles. 

(*) Presentation in what follows altered in proof. 
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Indeed, we should be confronted with a contradiction in attempting to in 


tegrate the field equations for a point mass to obtain the Schwarzschild-solu 
tion, since 


Gee “ae (tear » 


0 


(Actually there would be no difficulty if m<0, i.e., both negative rest mass 
and gravitational mass, but such particles have never been observed.) Thus 
in order to avoid a contradiction in general relativity, one must assume either: 


A) There are no point masses (m> 0), or more generally, there are no 
particles whose mass distribution is sufficiently singular so that they develop 
a Schwarzschild «shell»; hence, for exampler, one would require r+ 0, 
TI > Ar?+ Br-Unr + Cr: (A > 0); or, 


B) The quantities go; Ya can change sign or «flip». (The signature is 
still of course —2; the more difficult question of whether or not the signature 
can change will not be discussed here.) 

Now, customarily, one assumes 5) to be false in general relativity, whence A). 
Unfortunately, we know of no rigorous proof that B) cannot occur. We be- 
lieve it to be true from our experience in the macroscopic realm, but that it 
should hold at very small distances (or even very large) is an hypothesis. On 
the other hand, if we assume B) to be true, the general theory becomes re- 
markably simple for the case of a point mass, e.g., T is a 6-function, and the 
gravitational action is 


A = [v= oR d'x =[v=ar dix = m(t— ti), 


where m is the Schwarzschild mass. Hence gravitational mass and the rest 
mass are equal, and the problem of gravitational « clothing effects » does not 
arise. However, if B) holds, it would also imply E, = oo. For the case with 
one particle present, corresponding to the line element 


(17) Gls? == (1 — SE ia] dt? — go dr? — 72(d62 + sin? Ody?) , 
r ER? 


we would have 


(ce) (co) 


(18) ki sa] Tor dr + tar dr dre 


0 0 
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and only the difference energy would be finite, A = EE; mi his. con- 
stitutes one possible argument against either B) or against the cosmological 
term, although to the extent we work with energy differences such a diver- 
gent «shift» does not appear to pose any serious difficulties. 

If we assume B) false, then the Schwarzschild « shell » does not occur, LC.) 
(17) does not hold at small distances, and some such energy momentum tensor 
as described in A) holds as 7 —0, so that 2Gm/r becomes replaced by a 
suitable «interior » solution. While, to the extent we keep the cosmological 
term we must cut-off the integral (15) at r= R and one has (1%) (Rh? = 314), 


R 
(19) Ly = tar A fr dr = G-h/2.. 


0 


While for (17), the cut-off is provided by the largest root e, of the cubic 
oo = 0, de. 


(20) e, = R— Gm + 0(G?m?/f) 


and we obtain for £,, 


(21) E, = m - m + 0(Gm?/R). 


As previously indicated (1), we see that Æ,, Æ co, as À —0, but the dif- 
ference is finite and given by #,— H,=—4m. 

Thus the effect of aparticle on the gravitational field would be to diminish 
the allowed «volume » of space and to lower the energy of the system. The 
system would therefore be unstable in the direction of producing particles, 
reminiscent of continuous-creation type theories. It is also interesting to see 
how the gravitational field energy would exhibit a typically strong-coupling 
type of series, 7.e., terms going as G-1,..., G, etc. 

Nevertheless, it seems quite unsatisfactory to cut-off the integral in this 
way without a suitable cosmological structure to justify it. However, when 
one takes into account the other matter in the universe (as discussed below), 
it may lead to a finite universe (e.g. « spherical ») which would then, effectively, 
provide a cut-off. 


(2) One should distinguish between this « cut-off universe » and one of the Einstein 
type for which the comparable integral is of the form 4x r2(1 —r?2/R2)-tdr with either 
an elliptic or spherical-space interpretation. Indeed if we make ‘the substitution 
y= FR Sin v in (19), with 0<x< 27 for the spherical interpretation, the integral vanishes 
but then ./—g changes sign. 3 
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In view of the above difficulty raised by the cosmological term, one might 
ask whether or not it is really necessary to introduce it in order to obtain an 
expression of Mach’s principle in the general theory, and does not the theory 
already satisfy the principle? To be sure, one might also ask whether one 
should try to satisfy the principle? 

With respect to the latter question, we observe that for a theory of rela- 
tivity, something like Mach’s principle is necessary in order that the relativity 
of velocity contained in the special theory, and the relativity of acceleration 
contained in the principle of equivalence appear as a natural consequence of 
the basic assumptions and not as something artificial. Only if inertia is a 
collective phenomenon, as implied by Mach’s principle, is such the case. 

Returning to the former question, we note that while it is unquestionably 
true that the general theory does exhibit many features strongly suggestive (18) 
of Mach’s principle, there are still basic difficulties that have never been satis- 
factorily answered. For example, the Einstein, Infeld, Hoffmann method 
enables one, by approximation techniques, to obtain the equations of motion 
for two bodies in a universe otherwise free of matter, and in lowest order 
these equations are nothings but Newton’s equations for gravitating bodies. 
The masses of the two bodies in this approximation may be assigned 
independently and arbitrarily. Moreover, by assumption, there are no other 
bodies in the system. This therefore implies that there is nothing in the field 
equations that would demand the existence of the fixed stars in order to arrive 
at ord nary dynamics. Thus if we imagine the two bodies to be circling about 
one another, the Newtonian equations of motion imply the existence of inertial 
forces balancing the gravitational force—even though there is no «distant 
matter » in the field equations to produce these forces. 

A partial answer lies in the fact that one imposes flat space boundary con- 
ditions in solving the field equations: g,,=7,,+h,,, with h,,—0 at infinity, 
and it is frequently argued that in some way this is accounting for the distant 
masses. This is clearly an unsatisfactorily argument, since in the absence of 
the cosmological term, 7,, is à rigorous solution of the field equations with 
T’=0. If one claims 7,, is the basic inertial « field », then it can exist in the 
absence of matter. One has therefore arrived at an inconsistency. 

It is primarily for this reason we have therefore attempted to reintroduce 
the cosmological term (following Hinstein’s original arguments), treating now 
x1A6" as the energy-momentum tensor of the gravitational field HY. (Another 
reason is that the constants G, c, do not yield a unit of mass.) The basic 


(3) W. Davipson: Monthly Notices Royal Astron. Soc., 117, 212 (1957). On the 
other hand see also D. W. Scrama: Monthly Notices Royal Astron. Soc., 118, 34 (1953). 
Also the original formulation of the problem: A. EINSTEIN: Sitzber. Preuss. Akad. Wiss., 


6, 142, (1917). 
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flat-space normalization would then arise in the following way. Since EF is 
an invariant, this tensor does not fully define the space, therepre one has to 
imposesome conditions on £,,, and the condition we impose is that in the neigh- 
borhood of a point removed from matter, E,, has a structure corresponding 
to the infinitesimal propagation of light signals (i.e. hyperbolic structure). 
Thus E,,de“de” is required to have real solutions for the displacements—and 
as ca previously, we may use the Æ,, to define a geometry. This speci- 
fication of E,, via an «interaction » with ake together with the field equations 
(which relate £,, to E for an arbitrary system of co-ordinates, G;(£,,) = 
——xE") leads to a metric that has the required property, upon suitably 
choosing the origin of the co-ordinate system to be the point in question 
(de Sitter metric). Thus if matter is localized to a «small» region, and if we 
do not go to very large regions, such an approach is analogous to choosing 
flat-space boundary conditions. 

However such an approach to Mach’s principle is still not satisfactory, 
since the distant masses could then not be directly held responsible for the 
inertial effects in, e.g. a rotating frame, but rather they would arise because 
the effects of a rotation cannot be eliminated from the #,, (thought of now 
as N,,) by subsequent co-ordinate transformations which preserve the rotation, 
unlike translations. To be sure, since material bodies would perturb the £,,, 
they would be expected to produce via this perturbation, AE,,, effects entirely 
similar to inertial effects, and this is indeed the case both theoretically and 
experimentally. But it is still not satisfactory. Only if x14 itself could be 
related to the mean density of matter in the universe, say as 


(22) srt al rv ge] | V— gdx, 


would the principle be satisfied, since then matter and gravitation field could 
not exist independently. A more thorough-going analysis would then have 
to show that actually the de Sitter universe would be unstable against the 
production of matter (as our preceding calculation would suggest) which could 
then appear and be reabsorbed until some equilibrium were reached and the 
above relation satisfied. Under these cireumstances what we have called the 
energy-momentum tensor of the gravitational field would alternatively represent 
an energy-momentum tensor for some new state of matter, in many respects 
analogous to a superfluid. 

At present, we know of no way by which such relations as (22) may be 
derived in a rigorous fashion taking into account the non-static properties of 
the universe, and in such a way as to bring us a little closer to understanding 
how these rather fundamental concepts are related to the necessity for a 


quantum theory, and how the elementary particles manage to acquire intrinsic. 
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angular momentum and rest mass. From Mach’s principle, one would expect 
ha #11, mx x A, but at present we can only give dimensional arguments 
to arrive at such relations (1). It is perhaps satisfying, however, from the 
standpoint of Mach’s principle, to see that a theory that requires an intrinsic 
relation of inertia to cosmology automatically supplies a length of = 3-10-1 em 
(= (GRR) cc), whereas a theory based on G, hi, c leads to a much smaller 
length — 107% em. On the other hand, the question becomes further com- 
plicated by the obviously important role the electromagnetic field must even- 
tually play in these considerations, e.g., with respect to angular momentum 
conservation in elementary processes. We therefore examine below the question 
of formulating a true angular momentum tensor for the gravitational field. 


4. — Angular momentum density of the gravitational field and the problem of 
defining physical co-ordinates which are covariant quantities. 


Although the preceding development indicates that we can define an energy 
tensor for the gravitational field which has reasonable properties, we encounter 
a very fundamental difficulty in the general theory when we consider the prob- 
lem of defining an angular momentum tensor L’"”. 

This problem moreover arises independently of whether it is the angular 
momentum tensor for gravitation or for matter. It is a consequence of the 
fact that we need an expression of the form 7?x"— Tx", and such an ex- 
pression has no meaning in the general theory since the co-ordinates employed 
there do not transform as the components of a vector (and therefore have no 
physical significance). Now as a consequence we may look upon angular mo- 
mentum density as something that has meaning only in special relativity, or 
we can attempt to develop a theory of co-ordinates which will give rise to a 
true tensor L””” and meet the full requirements of mathematical covariance. 
The following development, although preliminary, suggests the utility of such 
an approach. 

Let us consider for simplicity, the problem of constructing a gravitational 
field angular momentum tensor. Then we desire an expression similar to 
ga — gx", with however the «4 replaced by a true vector that locally re- 
duces to 24. Now the only vector field we have available in our system is the 
electromagnetic field which in our units also has the dimensions of a length. 
Although this is not quite what we want we shall proceed as though it were 
and this will indicate a solution. We therefore form the tentative expression 


(23) Lh’ = gt A” — g A# A 


Now our energy momentum tensor is symmetric and we therefore would expect 
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L#%,— 0, but instead we find 
(24) L: di = Ay — A” u—_ pw, 


Thus the electromagnetic field would destroy the conservation of angular 
momentum of the gravitational field, carrying it off as vortices in the co- 
‘ordinate system. To avoid this, what we need is the curl-free part ODCAS, 
Denoting this by X”, we have 


(25) DVR: 


: + . RE, > Auy 
where X is a scalar field to be specified later. Now in terms of X,, L°* may 
be written 


(26) Titer (gto gr gee) Xe 


The expression in the parentheses is anti-symmetric now in both wr and o 
and symmetric under the exchange of uv > 40, we recognize it as the ex- 
pression for the Riemann curvature tensor in a space of constant curvature, 
hence in the absence of matter, we may alternatively write 


(27) IAA) RIPA 


However if we introduce such physical co-ordinates there can be no question 
of finding co-ordinate transformations connecting these physical co-ordinates 
with mathematical co-ordinates (unless of course space were flat) since we 
should have dX“— (0X"/0x") dx" and this is not covariant. It is basically for 
this reason that people who have tried to find physical co-ordinates by im- 
posing co-ordinate restrictions have encountered serious difficulties. Assuming 
one found such physical co-ordinates by this method, there would exist co- 
ordinate transformations connecting them with all mathematical co-ordinate 
systems in the space by such a relation as above and this is impossible. Since 
the actual covariant connection between physical co-ordinates and mathema- 
tical co-ordinates is of the form 


DX" = (0X"/dx") de + T4 X* de”, 
it is clear that they may only be related locally. Thus in introducing such 
physical co-ordinates, we are not picking out a privileged co-ordinate frame, 
this would amount to imposing coordinate conditions. 

In order to arrive at a way of specifying X, such that in the case of special 
relativity they will go over into the usual Lorentz co-ordinates (for a rec- 


wo 
I 
n 
ri 
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tangular co-ordinate system) it is convenient to consider the usual gauge con- 
dition in flat space 


(28) OX = 0. 
The co-ordinate-like solutions to this equation are of the form 
(29) X = (9° a + 4x'xt), 


which, however, is not Lorentz invariant. In order to obtain Lorentz invariant 
co-ordinate-like solutions we must impose the condition 


(30) UX = ô!, = 4 

corresponding to the solution 

(31) X = (200 — xx) 

and hence with Y,=V,X = Ht. However this still does not appear quite 
correct since of is the trace of the gravitational energy density and we should 


expect the matter energy trace to influence the co-ordinates, hence we write 


(32) ie See, CSA 


where R= g,,k"° is the scalar curvature. We see that upon multiplying 
through by A and passing to the limit 1-0, R-0, the gauge vanishes. 
We also obtain the result that for a purely electromagnetic contribution 
since 7 =0 the condition reduces to LIX = 4. 

Let us now obtain the equations satisfied by the physical co-ordinates them- 
selves. Since the gauge condition may be written X“,=44+7 we have 
(using the covariant differentiation commution rules and contracting) upon 
taking V, of the above expression 


an 
0x? © 


(33) N + ER, K° A 


If T vanishes, R,, — Ag,, and the equation becomes 

(34) X,",+AX,;=0, 

Clearly the general solution to the equation consists of «co-ordinates » 
(which may be thought of as Lorentz co-ordinates plus gravitational pertur- 


bations plus «waves »). In the case of the de Sitter metric the co-ordinate 
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solutions to (34) are readily obtained and will be published later (4). Let us now 
turn to the case R,,— 0, OT /da* = 0, that is assuming that the cosmological 
constant vanishes and we are outside of matter. Then the equations become 


(35) xjé,=0. 


This bears a resemblance to the harmonic co-ordinate conditions discussed in 
detail by Fock (*), the important difference being that the equation is fully 
covariant and does not imply any restriction on the mathematical co-ordinates 
used in solving the field equations. More generally, outside matter, we have 


DIS 


Finally we should like to remark that although taking X,=V,4 rigor- 
ously insures a covariant angular momentum conservation law for the gravi- 
tational field, for the matter field we find 


(36) EM = IND TEX, 


and hence the divergence only vanishes locally since we can then set 1”, = 0; 
and use the symmetry of 7”. Thus we see that in attempting to carry the 
covariant formalism to its logical conclusion we encounter a serious obstacle 
in insuring the vanishing of L/#”, for matter. We may now go back to our orig- 
inal assumption that A, was vortex-free (conservation of gravitational angular 
momentum separately) and raise the question as to whether or not one should 
merely try to insure the conservation of matter + gravitation angular mo- 
mentum together (in contrast with the separate conservation laws for energy: 
Gun = 9 Py, 0). In this case the physical co-ordinates could not be vortex 
free and hence X,#V,X. However, whether or not X“”— X”* could be re- 
lated in a satisfactory way to the electromagnetic field (which would then 
have the role of providing for a covariant angular momentum conservation 
law) is an open question. 


The author whould like to thank Professor EDUARDO R. CATANIELLO for 
his warm hospitality and interest as well as the National Science Foundation 


(14) We state the result: 


À ud _ 9 4 r2 R2 r2 \-% E 
de V, Dan A > + 3 R? In È =| sia 9 (: = exp [= 4 = 1 : 
Note that in the limit R > co (A +0), X tends to the expression (31) upon setting 


y2 = xixi; also, in polar co-ordinates, X = Ko = 0%. 
(15) V. Fock: The Theory of Space Time and Gravitation (London, 1959). 
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RIASSUNTO 


Si esamina l’ipotesi che il termine cosmologico di Einstein (con A > 0) debba essere 
interpretato come il tensore energia-impulso del campo di gravitazione. Una nuova 
interpretazione dell’elemento lineare è data dal punto di vista di Mach che conduce in 
maniera naturale alla necessità di questo termine nelle equazioni del campo. Si 
considera anche il problema di definire un tensore dell'impulso angolare per il campo 
di gravitazione. 
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Low Energy Limit of Compton Scattering 
without 7, C, P Invariance (*). 


E. KAZES 


Physics Department, The Pennsylvania State University - University Park, Pa. 


(ricevuto il 19 Settembre 1960) 


Summary. When TCP invariance only is valid, Compton scattering from 
a spin — + particle is shown to be entirely determined by its mass, charge, 
magnetic and electric dipole moment in the two lowest orders of the 
frequency. 


1. — Introduction. 


Low energy Compton scattering from spin — + particles has been studied by 
different methods (**), which assumes separate 7, C, P invariance, and was 
shown to be expressible in terms of the charge, mass and magnetic moment 
in the first two orders of the photon energy. In ref. (1) it is further shown 
that to this order the classical and the field theoretical calculations coincide 
after a suitable interpretation. Since P, C invariance must be approximate 
in Compton scattering, as it may proceed through virtual processes which 
violate both, and since 7 invariance may not be exact we shall re-examine 
this problem by assuming only TCP invariance. It is known that a spin — 3 
particle cannot have an electric dipole moment if P or 7 invariance is valid, 
whereas if TOP invariance alone should hold, this moment may be different 
from zero. Thus, in order to compare the field theoretical calculation with the 


(*) Supported in part by the United States Atomic Energy Commission Contract 
No. AT(30-1)-2399. 
1) M. GeLL-MANN and M. L. GOLDBERGER: Phys. Rev., 96, 1433 (1954). 
2) E. E. Low: Phys. Rev., 96, 1428 (1954) 
A. KLEIN: Phys. Rev., 99, 998 (1955). 
E. Kazes: Nuovo Cimento, 13, 1226 (1969). Refered to as (K). 
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classical, to the Lagrangian used by KRAMER, GELL-MANN and GOLDBERGER, 
an intrinsic electric dipole moment term has been added. 

Throughout this work it will be assumed that all interactions are Lorentz 
invariant and renormalizable. The feasibility of the latter will not be dis- 
cussed (°). 


2. — General considerations. 


Let the initial and final photon and fermion momenta be q, p and q’, p' 
respectively. The A amplitude which corresponds to Feynman diagrams con- 
nected by a physical Fermion propagator and the B amplitude which yields all 
other diagrams as given in (K) are 


(1) Mi (P13 PD) = À,(p', p +0)S (p+ q)À,(p +a p)+4,(p', p—d')- 
SPARA PE 


o) © 
D M È i a È, = — = 7 a - y n! 
(2) Me, u(P 340: Py q) @ (ee =) A (p ED.) 


i LATO A N ICONA 
I s é ai les 
Ke op, | dp.) WP 71 4. Op \0p, Py 


where S’ and A , are the renormalized fermion propagator and vertex oper- 
ators. As a consequence of Lorentz invariance 


(8) S'(p) = ty p(GP(p2) + 7,6% (pt) + M(PO(p*) + ty PPP), 
and renormalizability requires that 


(4) G®(— M?) = F(t) = 1,  G®(— M?) = FO(— M!) =0. 


Letting 
(5) A,(P', p) = Gon P) + ACIDO P)y; ; 
(6) rt, Gr. 


(5) For a discussion of renormalizability when CP invariance alone is valid see 
B. D’ESPAGNAT and J. PRENTKI: Nuovo Cimento, 6, 1129 (1957); K. SEKINE: Nuovo 
Cimento: 11, 87 (1959); C. H. ArBRIGHT, R. Haag and S. TREIMAN: Nuovo Cimento, 
18, 1282 (1955). 
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it follows that, the most general vertex operator is 

A? (p', p) = Po + Qala + Yulia + PaP Viet 

POV + Q, PVT Us + uo + oo + 
Sil ba QF io Le ei da Q,0300 Be Lg a Euaph Ee Q, Va V5 es 1 


= 
A 
— 


| 


where = Ui (p'?, p°, d°), ete. 


The generalized Ward identity now becomes 


(8) (pi — PAR (p', p) = eLS'O(p'y*— SPO], 


Sp) trpp) 
S'®(py1=iy-pG®(p*) + 1M F®(p°). 


Further consequence of eq. (7), (8), (9), are given in the Appendix A. Re- 
quiring the renormalized vertex operator to reduce to vey, for zero momentum 


transfer when the fermion is on the mass shell and ip-y=— M it follows 
that 

(10) (net pes 

(11) + aM =0, 


after using 1)(p?, p?, 0) = 0 which follows form the generalized Ward identity, 


(A.1). Eq. (11) for à — 2 is ambiguous in that ip-y can be commuted to the 
right or left of y; before setting it equal to —M, but it will be shown at the 
end of this section that any of these two alternatives yield 17, = 1? = 0 for 
p°=— M?, and the ambiguity does not matter. 

From Appendix A 


D M2, — M?,0)=ie@%-M?), 

Ws(— M2, — M?, 0) = di G(— MP) , 

Uya(— M?, — M2, 0) = eMPF®(— M2), 

lu— M2, — M?, 0) = teM FP (— M?). 

From eq. (11) and (12) for p?—— M? it follows that 
Go po, 


(13) 


va "TI 
GE = ipa, 
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Further requirements ont G® are obtained by performing a spectral de- 
| composition of the propagator; as a consequence of Lorentz invariance it 
) follows that (5) 


(14) <O| pa(x)Pe(y) |0> = Jo) + M?) {(ip-y — +/m2) o,(m*) + 0,(m?) + 
+ ip-yysor(m?) + iyseo(m*)} ap exp [ip- (a — y) dp ame , 


where y(x) is the renormalized field operator and 0,1, 02, 0,, 0, are real. Now 


invoking TCP invariance for the first time (?), it follows that there must be 
and antiunitary operator U such that 
U y(a)U = (ysp(—2))* , 


Uyt(æ)U 1 = y;y(— 2). 


(15) 


Using eq. (14), and (15) it follows that 


al dm? n = 
‘a dr mi — ig PY — VM) s(t?) + oa(m?) + 
+ ip ‘yy: 01(m2) + iv; os (m2)} . 


Assuming the photons to have a finite mass A, and letting M be the lowest 
fermion mass to enter the spectral decomposition it follows that 


Lee] 


J 1 1 dm? 
vI(, | i A = 
4 ip-y+M 2x | p? + m° — ale i RI 


(+A)? 


+ © (M 3) sù ip: yy50,(m à) =» iv; 09(m? LE 


This shows that in the neighborhood of p? = — M?, G®(p?)/F®(p?) is a real 
function, further as a consequence of eq. (4) it follows that G®(—M?)/F®(—M?) 
is real, but by comparing with the requirement imposed the renormalizability 
of the vertex function, eq. (13), et follows that @@(— M?) = F®(— M?) = 0. 

Finally by placing the fermion in a slowly varying magnetic and electric 
field it follows that its anomalous magnetic moment and electric dipole mo- 
ment are given by 

Nip = A De 2M I) , 


d =12— 2MI® + 4M31® 


2,307 


respectively. 


(6) H. LEHMANN: Nuovo Cimento, 11, 342 (1954). 
(7) G. GRAWERT, G. LÜDERS and H. ROLLNIK: Fortschritte der Physik, 7, 291 (1959). 
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3. — Approximations. 


To calculate the A amplitude to the first order in the frequency it neces- 
sary to calculate S'(p+q), ¢,4,(p+4, p) and e A, (p', p'+gq') up to the first 
order in g. For the purpose of this calculation after using eq. (13) and the 
results of Appendix A it follows that 

i! 


(16) Sp +9) =— 5 le + O-y— M + 2p alip-y — MOY Dip ga: 76}, 


VE + ; 
(17) é,A,(p + 4, p) = tey-e + 2p-dy-e E GO — 12 — Pays \- 
— Ep On Pyp 4 (la + leas) + EnOuv Ulloa + Las) + 


+ 26, Euxto Pa IaVoVs(lgr + 18475) è 
(18) Ay(p', p'+ q') = iey-e'+ 2iep'-q'y-e GV — 
20 Ure (Se GU day | + 4p'-d' &, dy Dollss + 18873) — 
— 0 r9Go(lre + ays) — 26, Evo Pada Vor + Av); 


where all the ls are evaluated at p'?=— p?=— M?, q?=0. 
The contribution of the B amplitude that results from eq. (2) is 


€ MP Eu = 4eq(2M 1, — L)ore'Xe+ 2e ly (A +q):(exe)+ 
+ 2eillii — 2M 1) {o-(q + q')x(e' Xe) —a-(q'—q)e 


Using eq. (1), (16), (17) to obtain the A amplitude and the B amplitude given 
above, the total scattering amplitude becomes 


2 


652 NU i 
(19) sde, = — pere D o-{(e xg')x(exg)} + 


Yo 


21e 


+ leu ce +4 Te ~{q-€'o-(€X gq) — g''eo-(exg')} — 


— 21God’a - (€'X e) — 2iudo-{(q + q') x (€’x €)} + Bid (x + ou e'-€a:(q'—q), 
\ 2,1 


where “= u,+(e/2M), and the initial fermion is at rest. 
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4. — Classical calculation. 
Adding an electric dipole moment term to the Lagrangian used in ref. (1) 
we obtain 


1 ll 


= OTT 


+ g,S-[H—VXxE]+AS-[E+ VxH]. 


From this we obtain the following equations of motion 


(20) MV = eE + 9,(S-V)H+ ——{S-V)H+ V(S-H)} + h(S-V)E, 


Dr 
(21) VxH— © E= daVò(R—r)+ tag VX O(R— r)S + 


_ (5(R — r)S} — Anh Vx{6(R-r) SV}, 


i lay) 
. 


el (Oo ae {ÔO(R — r)Vx S} + 4ah 


dS/dt=gSxH+hSxE, 
where on the right hand side of these equations only terms of first order in 
the fields have been kept, and g=g,+(e/M)-R is the position of the par- 


ticle. At large distances from the scattering center the electric field is 


E= E,(r,t) + E,(r, 4) , 


where 

(22) E,= SR a (i aa S + PE RPXS) + 
(1 a ar xS+ (TE + FT S) + 
ay ves) Px (Sx x) à 


From eq. (22) it follows that the classical scattering amplitude is 


(23) fo—Le-e—i£ S-{(e'xq')x(exq)} +i | 29a + )nSexet+ 
È ui a q ; I “MM AT y È 7 
iu cor {S-(exg)g:e'— S-(e'Xg')g'-e} — ito h2S- (e'X e) — 
0 


— ghiS-{(q + q')X(e'Xe)} + th [a+ x) “eS -(q'— q). 


26 E. KAZES | 


Again it is observed that the classical scattering amplitude becomes identical 
with the field theoretical calculation under the substitution S — 0/2; 9 > 2 


Gi > 24, > 2d. 


5. — Discussion. 


The terms independent of the electric dipole moment in eq. (19) result 
from various multipole absorption and emission processes which were discussed 
mide nor, (CL 

The term proportional to d? results from the torque which the electric field 
exerts on the particle and to it subsequent radiation, thus is caused by #1 
absorption and re-emission. Whereas Mi absorption with Æ1 re-emmission 
and vice-versa is proportional to 


H1M1 = e'-{ox (exq)}— e-{ox (e'xg')}= 
=o-{(q + q')x (e’xe)}—a:(q’—g)e€ 


This term results from the torque exerted by the external magnetic field on 
the magnetic moment of the particle and the precession of the electric dipole 
moment of the particle. Æ2 absorption leads to the acceleration of the par- 
ticle due to the gradient of the electric field at the particle and will lead to 
EL radiation 


ELE2 —o:ek'e + e'-e0-k— (o-e'k'-e + e'“eo-k') = 
=— o-{(q aq) X (ex e)}— 5: (q'— q) e€'-e. 
It thus follows that the term proportional to du in eq. (19) is due 


#1 M1 — £1#2 and that proportional to d(u+(e/2M)) is due #1M1+ #122 to 
transitions. 


It is clear that if P invariance is valid, the second term of eq. (5) van- 
ishes making d=0 and yields the same results obtained previously with 
T, C, P invariance (*4). If 7 invariance alone should be valid 


AFP; Pos Pi Po) = + y2A,(p, — Do; p's — Diva; 


where the upper sign is used when H—1,2 2,8 (6): 


Since 27,y2= tv ib 
rollows that 1); =1:,—t.—0 for p” = pi Mand = 0; thug ad 0: 
Of course these results are expected on even more general grounds. 


(8) The corresponding discussion in (K) is incorrect. 
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* ok ok 


The author acknowledges with thanks numerous discussions with Dr. R. G. 
WINTER on various aspects of this calculation. 


APPENDIX 


From eq. (8) it follows that: 


(A.1) II IRAN 

(A.2) PQ + Qua = eM (EF (p'”) — F®(p2)) , 
(A.3) P-Qu+ le = eMi(F(p”) — F®(p2)) , 

(A.4) Bat POM + Us) + Q2 + IP.) = te (pt), 
(A.5) ha PeQMi ts) = O — Us) = dep). 


In the Appendix of (A) it is incorrectly stated that eq. (A.7), (A.8), (A.9), 
(A.10) need be valid for the consistency of the calculations of the B diagrams. 
In fact the generalized Ward identity suffices. Letting 


d 1 d 
colei lab, 
dpi dp? 
from eq. (A.1) it follows that for q?=0, 
I +18, = 0 iW = 0, 


and from eq. (A.4), (A.5) the following are readily established 


Oh ie | de. 
1 it JO ue SER, 19, En, 1® x — GO, 


toa lisa 


whenege — (0): 


TRIAS SWNT iG) (6) 


Si dimostra che, quando è valida solo l’invarianza TOP, lo scattering Compton 
da una particella di spin — 4 viene completamente determinato dalla sua massa, dalla 
sua carica e dal suo momento di dipolo magnetico ed elettrico, nei due più bassi ordini 


della frequenza. 


(*) Vraduzione a cura della Redazione. 
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Les invariances de jauge classiques 
de l’électrodynamique quantique (°). 


B. JOUVET 


Laboratorie de Physique Atomique et Moléculaire, Collège de France - Paris 


(ricevuto il 17 Ottobre 1960) 


Summary. — One first recalls the principles of gauge invariance and 
studies their violations occuring in perturbation theory: i.e., the well 
known photon self-energy; the commonly ignored photon-photon inter- 
action term. One then constructs a new equation for the photon field, 
involving new renormalization constants, which is such that the S-matrix 
is gauge invariant, without using regularization. Gauge invariance of the 
field equations supplies relations for the new renormalization constants. 
Non perturbative calculation proves the consistency of these relations 
and connects the new constants to the observable quantities. The values 
of these constants are then calculated to every order of perturbation 
theory. 


Introduction. 


Dès la fondation de l’électrodynamique quantique on s'est heurté à des 
difficultés pour préserver l’invariance de jauge de la théorie, en raison de l’ap- 
parition, dans les calculs explicites, d’une masse non nulle du photon. Les 
méthodes covariantes et la renormalisation qui ont résolu plusieurs des diffi- 
cultés liées à l'apparition d’infinis dans l’ancienne théorie, ne sont générale- 
ment pas appliquées au problème de la masse du photon, en raison de la diffi- 
culté de principe de concilier l'existence de l’invariance de jauge avec la pré- 
sence d’un terme de masse du photon nue dans les équations. 

En théorie de perturbation cette difficulté parait liée à l’ambiguité de le 
définition de produit de distributions, et est généralement résolue en suppri- 
mant les singularités des fonctions A par les méthodes de régularisation. 


(*) Ce travail a bénéficié de l’aide du Commissariat à energie atomique 
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Mais un élément nouveau dans ce problème est apporté par l’usage des 
méthodes de calcul global. Elles montrent, en effet, que la self-énergie du 
photon, n’a plus une valeur ambigué, mais peut, au contraire, étre définie en 
fonction de quantités en principe observables. Par ailleurs, si on admet A la 
fois exactitude des équations de l’électrodynamique et l’absence d’états de 
normes négatives dans cette théorie, la masse du photon nue ne peut 
étre nulle, et la difficulté de principe reparait. 

Cependant la self-énergie du photon, n’est pas le seul terme de violation 
de l’invariance de jauge: comme nous le montrerons, en effet, l’interaction 
photon-photon, calculée en théorie de perturbation, n’est pas non plus inva- 
riante de jauge, en dépit d’une opinion répandue. Il n’existe malheureuse- 
ment pas, pour l’instant, de méthode de calcul global qui soit capable d’ex- 
primer la nouvelle eonstante d’interaction, en fonction des grandeurs obser- 
vables, nous assurant ainsi de sa non ambiguité. 

Le point de vue que nous admettrons, dans cet article, sera, en attendant 
que des progrès soient réalisés dans l’étude des méthodes de calcul global, 
de prendre au sérieux toutes les violations d’invariance de jauge que nous 
rencontrons en théorie de perturbation. 

C’est dans cet esprit que nous allons réexaminer les paradoxes de l’inva- 
riance de jauge et en donner une nouvelle solution (*). 

Nous rappellerons d’abord à la Section 1 les différents principes d’invariance 
de jauge que l’on postule pour l’électrodynamique et les propriétés physiques 
observables et mathématiques qui devraient en résulter. 

Nous dresserons ensuite, à la Section 2, un catalogue des diverses violations 
de ces propriétés qui apparaissent dans les solutions, en théorie de perturba- 
tion, des équations habituellement utilisées, et nous discuterons des difficultés 
que soulèvent ces violations. 

Nous unifierons, à la Section 3, les divers résultats de la Section précé- 
dente dans une formule unique qui relie entre elles diverses formes de violation 
des propriétés d’invariance de jauge. 

A la Section 4, nous construirons de nouvelles équations pour l’électro- 
dynamique, qui ont précisément, pour conséquences, les propriétés convenables 
d’invariance de jauge. Exprimant que les équations elles mémes doivent étre 
invariantes sous le groupe de jauge, nous en déduirons que les nouvelles con- 
stantes de renormalisation, intervenant dans les nouvelles équations de l’électro- 
dynamique, doivent satisfaire a certaines relations. 

A la Section 5, nous étudierons avec les méthodes de calcul global, les 
nouvelles équations de l’électrodynamique, confirmant ainsi la cohérence des 


(‘) Un résumé des principaux résultats contenus dans cet article a été publié: 
B. Jouvet: Compt. Rend. Acad. Sci., 251, 1119 (1960). 
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relations énoncées à la Section 4, et reliant, en partie, les nouvelles constantes 
de renormalisation aux grandeurs observables. 

Au moyen des relations obtenues aux Sections 4 et 5 nous pourrons alors, 
aux Sections 6 et 7, calculer les nouvelles constantes de renormalisation à tout 
ordre de la théorie de perturbation. Les implications de ces résultats, sur la 
forme que doivent avoir, à tout ordre de la théorie de perturbation, les gran- 
deurs observables ne seront pas abordées dans ce travail. 


1. - Rappel des principes d’invariance de jauge et leurs conséquences. 


1) L’invariance de jauge a son origine dans l’électromagnétisme classique 

Tax o no ; n a SEG, = + 9 3 
de Maxwell, qui, ne faisant intervenir que les champs B,,=— 0,p,— 0,9, est 
invariante pour le changement 


(1) Pu Ta P = Pu + 0, D 


L’antisymétrie de B,, implique, de plus, la conservation du courant. 


2) Dans la théorie électrodynamique non super-quantifiée le lagrangien 
du systéme de champ de Dirac et de champ de Maxwell en interaction 
L= —-4B,,B""-y(y0+m)wtiewy,wg" est invariant pour la transformation 
plus générale associant au changement (1) le changement 


(2) y> ÿ = pexp[ie®]. 


Physiquement, cette invariance signifie que si on plonge un systéme physique 
dans un potentiel gradient externe, aucun effet n’en résultera sur le lagran- 
gien, done sur les équations de mouvement et les éléments de matrice S, si 
on prend soin de choisir en méme temps une nouvelle jauge pour les gran- 
deurs y, et inversement. Ainsi les propriétés d’un électron dans un potentiel 
gradient 0,® peuvent aussi bien se calculer à partir de celles d'électrons dans 
le vide, pourvu que l’on choisisse pour les spineurs qui les décrivent une jauge 
convenable = y exp[ieD]. Si ® est une constante, le groupe (2) laisse aussi 
invariant séparément le lagrangien du champ de Dirac sans interaction. On 
démontre à l’aide du principe variationnel, que cette «invariance de phase » 
suffit pour entrainer la conservation du courant ji, =1eyy,y. Mais une autre 


propriété qui n’est pas reliée simplement à aie mathématique du 


o € à 
lagrangien existe aussi dans cette théorie: Grace à la conservation du courant 


aucun effet observable ne résulte de la présence d’un potentiel gradient sur 
I aren si , 4 vr ratio sta ; n = 

a OU d’un électron. Par ailleurs, un changement de Jauge des spineurs 
est sans effet sur les sections efficaces de diffusion qui sont en y*y. Ainsi un 
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seul changement (1) ou (2), et non ((1)+(2)), est sans effet observable sur une 
diffusion d’un électron, alors méme que ce changement ne laisse invariant ni 
le lagrangien ni les équations du mouvement. 


3) En électrodynamique quantique on transpose et généralise simplement 
le principe précédent. On postule en effet que les équations sont invariantes 
sous le groupe ((1)+(2)). On peut généraliser en supposant que le potentiel D 
est quantifié, ajoutant un lagrangien L,=—-30,P0, PD. Nous appellerons: 
invariance de phase, invariances de jauge classiques constantes, restreintes et 
générales, et invariance de jauge quantique 


D = constante 


D= Axl (A, = constantes) 

les cinq cas où D D(a) champ non quantifié tel que L1® = 0 
D = D(x) champ non quantifié quelconque 
D = P(x) opérateur quantifié, 


Nous nous limiterons dans cet article aux seules invariances de jauge 
classiques. 

Il est clair que si les équations du mouvement des champs possedent 
certaines invariances, les prédictions sur le mouvement des champs que l’on 
peut en déduire en résolvant ces équations doivent aussi possèder ces inva- 
riances. 

L’emploi de la matrice S n’étant qu’une méthode d’intégration de ces équa- 
tions, les éléments de matrice qui correspondent éffectivement aux intégrales 
des équations du mouvement doivent donc possèder ces invariances. Il en 
résulte selon le groupe postulé, des propriétés correspondantes « (invariance 
pratique de jauge » que nous allons énoncer. 


A) L’invarianee de phase. — On déduit du lagrangien par la méthode 
variationnelle, ou directement des équations, la relation: 0,,py,w= 0. 


B) Linvariance de jauge classique [groupe ((1)+(2))]. 


B-1. Cette invariance signifie que l’on peut calculer les propriétés dyna- 
miques d’un électron dans un potentiel gradient externe, en calculant celle 
d’un électron en l’absence de ce potentiel, pourvu que l’on ait transformé la 
a = 3 q : ena 0 
jauge de son champ y en exp [ieD]. Dans un potential général Pa =P, +0,D 
on à, notant y'= y(x'): 


(3) 0| Py’ 10390 + 2,8 = <0| PP 10), exp [ie(D'— D)] 


a a 


SY B. JOUVET 


et le propagateur 
(4) Sila, y; po +9, D) = 8,(x, y; yy) exp [ie (Py) — P(~))] - 


a) Dans le cas où Pia = 0 et D= A,x" (invariance de jauge constante) 
on en déduit par transformation de Toure Ss Wp; A) = S' (p+eA) et les re- 
lations restreintes de Ward (!) entre opérateurs vertex et propagateur d’élec- 
trons, renormalisés, 


red 
“ae OD OD, - 


* TN) 281 (Dp, A) | Sp (Pp) 
il hee (D, pP) = a Da 


Puisque l’électron peut interagir avec le potentiel A,, soit directement, 
soit par l’intermédiaire de son propre nuage de photons, on voit que ce 
théorème implique que l’interaction d’un photon d’impulsion nulle (4,) avec 
les photons du nuage doit étre nulle. 

b) Dans le cas de l’invariance de jauge classique générale, utilisons 


la dérivée variationelle (?) pour calculer l’opérateur /,(2, 2, y) que nous défi- 
nissons par: 


= 
DI 
n 


os re, Y; si | fi sul ino! / ! I 
= | S,(x — e), 2, y')S.(y'— y) dx’ dy’ , 
È ô (ep, (2 )) A rl ) L ( ? Y ) AU] y) x y 


développant le premier membre de (5) on a: 


; ; OS p(X, Y; a 
Se, Y3 019) —Sp(@ — y) = ve I. sa) Ô(e0,D(2)) de = 
le ôuD =0 


ae } o, OS p(@, y; On i me mes c 
=: | ( d(e2, Dl ) Fin + terme de surface. 


A 
OZ 


H 


Le second membre donne par ailleurs: 


ST, 4; Ou D) — S,(@ — y) = ÎeS,(& — n| (dle — y) — d(e— x)) D(z) dz. 


On en déduit alors la première des relations de Ward généralisées (*): 


Js: (ae — Ne Tee VS y) da’ dy’ = 
=— i (SHa— 2)ô(e — y) — Sie — yd(e— 2), 


(*) J. C. WARD: Phys. Rev., 77, 293 (1950); 78, 182 (1950). 

(?) J. SCHWINGER: Proc. Nat. Acad. Sci., 87, 452 (1951). 

(3) Y. TAKAHASHI: Nuovo Cimento, 7, 371 (1957); H. S. GREEN: Prog. Phys. Soc., 
66, 873 (1953). 
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dont la forme, plus connue dans l’espace des impulsions, est 
(6) ke, (p, p +k) = S,*(p +k) — SFP). 


Les autres relations portant sur les vertex à N photons 1. peuvent aussi 
:'obtenir en poursuivant la méthode (*) aux ordres supérieurs du développe- 
ment en ®. 


B-2) Cette invariance a aussi des conséquences sur l'interaction photon- 
photon: le principe d’invariance de jauge implique en effet que les éléments 
de matrice, fonction de l'opérateur p, et caractérisant les mouvements et inter- 
actions des photons dans le potentiel de jauge 0,®, doivent être égaux aux 
éléments de matrice similaires, fonction de l’opérateur (gp, — 0,8) et caracté- 
risant les mouvements et interactions des photons dans le vide. 

Dans le cas du mouvement d’un seul photon, l’élément de matrice con- 
venable, le propagateur d’un photon dans le potentiel de jauge, se déduit de 
l’expression (?) 


I!’ = (0|9,9,|% o— <0] 9.1% ol¢, 1095 


= <0](p,— 4, P)(y, — 8,8')10> — <0](p,—d,D)|0) <0] (py, — 2,B') |0>: 
«or cette dernière expression est, une fois developpée, identique a 
<0]9,9, 10) — <01p,10><01p, 10» 


et par conséquent indépendante du potentiel de jauge. Il n’y a done pas d’inter- 
action d’un photon avec les champs de jauge. Ce résultat est plus général 
que celui qu’impliquent indirectement les relations restreintes de Ward. On 
généralise ce résultat aux interactions faisant intervenir plus de deux photons, 
en prenant garde de ne considérer que les termes d’interaction vraie 1%. entre 
(n) photons. Ils correspondent aux fonctions (7... æ,) définies par FREESE (*). 

Ainsi jusqu’à l’ordre de 4, on a, en notation symbolique, pour des opéra- 
teurs de photon ayant tous le méme indice: 


(D?) = Tn + (Polpo; = (H8)o = La + 812" (po + (P)o(P)o(P)o 5 


(9%) MIE (P)o + 31%: (P)o (P)o + 31212 + (Pb (P)o (Do (P)o 3 «+ 


(*) Nous tenons à remercier R. Stora qui nous a indiqué catte méthode de 


démonstration. 
(4) E. FREEZE: Nuovo Cimento, 2, 50 (1955). 


3 - Il Nuovo Cimento. 
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on en déduit alors invariance de J, et I, de la même façon que nous l’avons 
montré pour I,. 

Ces théorèmes nécessitent que nous fassions maintenant les distinctions 
suivantes : 


— Nous appelons invariance théorique de jauge, l’'éxistence, au moins pour 
les équations, sinon pour le lagrangien, du groupe d’invariance ((1)+(2)). 


— Nous appelons invariance pratique de jauge, les propriétés que nous 
venons d’énoncer (théorème de Ward, restreint et général et invariance des. 
interactions de photons); cette propriété très particulière des tenseurs d’inter- 
action entre photons d’être invariant sous le seul groupe (1), est généralement. 
aussi appelée invariance de jauge (5), laissant croire que ce seul groupe (1) est 
un groupe d’invariance de la théorie alors qu’il ne laisse pas invariant les équa- 
tions du mouvement. 


Par ailleurs, une autre confusion se rencontre souvent à propos de la dé- 
finition de ce que l’on appelle quantité invariante ou non invariante de jauge. 
Par exemple <0|py'|0> est invariant sous le groupe ((1)+(2)), mais ne l’est 
pas sous le seul groupe (1) ou (2), ou <0 |9,9,|0) n’est invariant ni sous le 
groupe (1) ou (2) ni sous le groupe ((1)+(2)). 

Pour éviter de telles confusions nous spécifierons dans tous les cas le groupe 
sous lequel telle quantité est invariante ou non. 

Dans la théorie usuelle on postule un lagrangien transposé du lagrangien 
classique mais faisant intervenir des grandeurs non renormalisées; il est in- 
variant sous un groupe ((1)+(2)) qui porte sur le quantités non renormalisées. 
Il semblerait que les théorèmes généraux, que nous venons de rappeler, doivent. 
avoir pour conséquences pratiques que les tenseurs Me. (Fake ... ky) Tepresen- 
tant l’ensemble des boucles fermées, d’où partent (n) photons, soient tels que (5) 


pit (n) = 19 (n) [sua sy 
ee = KM I 
donc 
M ~o-kt-k... si k>0 


UVO... 1 2 
et en particulier 


ALES AM he ka, QT] k; = 0, ‘003 its) = 0 74 


Il en résulterait ainsi que le photon doive conserver la masse nulle que lui 
ont donné les équations du mouvement des champs nus. 


(5) N. N. BogoLIuBov et P. V. SHIRKOV: Introduction to the Theory of Quantized 
Field (traduction par S. M. VoLKore) (New York, 1959), p. 361. 


(9) J. M. JAUCH et F. ROHRLICH: The Theory of Photons and Electrons (Cambridge, 
1955), p. 160. 
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Il est généralement donné une démonstration de ces propriétés à partir 
de l’invariance (?) sous le seul groupe (1) (7), ou bien en calculant (0 |py,y 10» 
dans un champ externe, et en exigeant que 0,(py,y|0> = 0 établissant ainsi 
une connexion entre ces propriétés et le seul groupe d’invariance de phase, 
mais non le groupe de jauge ((1)+(2)). 

Mais c’est un fait bien connu, que nous allons maintenant préciser, que 
ces prédictions ne sont pas vérifiées dans les calculs explicites. 


2. — Les contradictions au principe d’invariance de jauge en théorie de perturbation. 


L'exemple classiquement cité de contradiction aux théorèmes précédent est 
fourni par le calcul de la masse non nulle du photon; ce n’est pas le seul 
cas, comme nous le verrons. Pour élucider le plus complètement possible les 
propriétés et les relations des différents termes parasites, nous allons rappeler 
et préciser certains résultats généralement connus de la théorie de perturba- 
tion, et corriger certaines erreurs courantes faites à ce sujet: 


a) Le terme parasite de plus bas ordre en e rencontré est l’expression 
du courant de vide <0 |iepy,y|0», dont le calcul montre qu’il n’est pas nul mais 
divergent. 


L’antisymétrisation du courant, selon HEISENBERG, 
: se tO be 
Iu = VOPYLL > 5 [Y, Vu] ’ 


rend bien j, antisymétrique de charge (ji, (2) =—j (2) mais ne supprime pas 
la difficulté en dépit de la preuve générale (*) basée sur la symétrie de charge. 
L’expression est en effet ambigué, et il faut faire le passage a la limite (°) 


j(0) = Jim À (LHe), pape] + (PO), ru) 


wa 


ou utiliser la régularisation pour obtenir le résultat voulu. La connexion du 
terme de courant du vide avec le problème de l’invariance de jauge apparaît 
lorsque l’on veut utiliser la méthode générale qui consiste a renormaliser le 
courant du vide, en soustrayant au lagrangien le contre-terme non invariant 


Py, Kjudo- 


(7) G. KALLÉN: Handb. d. Phys., 5, 281 (1958); J. SCHWINGER: Phys. Rev., 76, 
815 (1949). 

(8) J. M. JAucH et F. RoHRLICH: p. 160, réf. (°). 

(9) W. PauLI: Feldquantisierung (1920) p. 16. 
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b) Le tenseur de polarisation du vide, du premier degré en «, K,(P?); 
fournit, outre l’expression invariante pratique de jauge en (p70: 9p Ps) di- 
vergent logarithmique, le tenseur divergent quadratiquement 


Le terme constant de ce tenseur, donne au photon une masse (divergente) 
en contradiction avec les théorèmes énoncés plus haut. 

Il est @usage de sortir de cette difficulté en pratiquant sur la seule expres- 
sion non invariante de jauge (1), artifice de calcul de la régularisation (!*) qui a 
Veffet cherché de la rendre nulle. Mais alors une autre difficulté demeure liée 
à la non invariance de jauge. En effet, nous avons scindé 

K(p?) = (A + Bp?)d,, + (p°d,,—P,P,)(c+ R(p?)),  R(0)=0, 
à priori, en deux tenseurs dépendants et invariants de jauge. Il est clair qu’une 
autre séparation est possible, soit: 


Ds Di 
K®(p?) = (4 + Bp?+p :(0+ R(p4) (Om MPs) + (4 + Bp Pade 


D 


l'application de la régularisation sur le seul tenseur non invariant en P,P,|P*, 
ne résoud plus alors la difficulté. De plus, la constante B contribue à la valeur 
de la constante de renormalisation Z,. 

On pourrait supprimer ce terme de masse dans les effets observables par 
une renormalisation (1), introduisant dans le lagrangien un contre terme con- 


venable en 0,:9,9". Mais alors le lagrangien (et les equations) perdent l’inva- 


riance théorique qui a été postulée et on ne voit pas pourquoi, il y aurait alors 
une invariance des éléments observables si Y ne Vest pas? 

Certes il est difficile de prouver généralement, qu’une telle situation est 
impossible, et l’exemple de l’invariance sous le seul groupe (1) pour les ten- 
seurs 1%, peut être une indication que les solutions d’équations peuvent pos- 
sèder d’autres invariances que celles des équations elles-mêmes. 

Néanmoins Pespoir de l’explication de ce paradoxe, par cette voie, a tou- 
jours été considéré comme assez mince, au point que l’on préfère admettre 
Pemploi des méthodes de régularisation. Une autre justification de la régu- 
larisation est l’opinion souvent exprimée que les difficultés @invariance de 


(0) W. PAULI: p. 34, réf.(*); G. KALLÉN: p.281, réf (0. 

(11) W. PAULI et F. VILLARS: Rev. Mod. Phys., 21, 434 (1949); J. SCHWINGER: 
Phys. Rev., 82, 664 (1951); W. GUTTINGER: Prog. Theor. Phys., 18, 612 (1955). 

(*) J. M. Jaucn et F. RoHRLICH: p. 190, réf. (6), 
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jauge, coincidant avec l'apparition d’infinis, pourraient être un des défauts 
supposés de la théorie de perturbation en représentation d'interaction comme 
en représentation de Heisenberg. 

Mais on se convaine facilement, en utilisant des relations globales du type 
de Lehmann, que ce paradoxe n’est pas lié à un éventuel défaut de cette 
méthode (13) (*). 

La constante finie, B, coéfficient de p? dans le tenseur en Ò,, Viole aussi 
Vinvariance pratique de jauge. Elle disparait par régularisation, mais peut 
étre soustraite par l’addition à £ d’un contre terme convenable en (CO) ea) 
qui viole Vinvariance de jauge générale mais non linvariance restreinte 


Oo = 0). 


e) Il peut sembler un non sens au lecteur que nous rangions l’interaction 
photon-photon comme un autre cas de violation de Vinvariance pratique de 
jauge de la théorie conventionnelle. En effet, opinion est bien établie que, 
au moins au plus bas ordre de la théorie de perturbation, l’interaction photon- 
photon est invariante de jauge. L’argument avancé pour le montrer est que 
la somme des trois graphes divergents logarithmiquement représentant «linter- 
action photon-photon étant finie, l’expression doit être invariante de jauge » (14). 


Cette assertion repose sur l’impression, qu’accrédite le succès de la régu- 
larisation dans le problème de la masse du photon, que les violations d’inva- 
riance sont necessairement en relation avec  l’apparition de divergences 
propres a la théorie de perturbation. Or comme nous l’avons mentionné a 
propos de la self-énergie du photon, il n’en est rien. En fait, l’interaction 
photon-photon, quoique finie, n’est pas invariante pratique de jauge. Pour s’en 
convaincre il suffit de la calculer: Si le tenseur M, de l'interaction photon- 
photon était invariante de jauge, il devrait être nul lorsque l’un des photons 
porte une impulsion nulle. Un tel calcul, très explicite, à été publié par 
KARPLUS et NEUMAN (1). 

On voit alors que le tenseur M}, (page 382, formule (15) de ces auteurs), 
comprend deux groupements de termes: le premier en (0,0, +0 ,50,9 — 20 00,0) 
est identiquement nul, avec ou sans régularisation par raison de symétrie; 
par contre le second, en m4(0,,0,, +0,60, — 940%rs)) qui S’annule par régularisa- 
tion, est fini non nul sans régularisation. 

Pour annuler à cet ordre, dans la matrice S, l'interaction photon-photon, 
de zéro énergie-impulsion, il faut donc ajouter au lagrangien, qui n’est plus 


(18) H. N. Frrep: Phys. Rev., 118, 1643 (1960); L. Evans, G. FELDMAN et P. [ne 
MATTHEWS: (prepublication, 1960). 

(*) Cet aspect de la question sera discuté en détail à la Sect. 5. 

(14) J. M. Jaucm et F. RoHRLICH: p. 290, réf. (°). 

(15) R. KarPLUS et M. NEUMAN: Phys. Rev., 80, 380 (1950). 
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invariant théorique de jauge, le contre terme de la forme Ap ,p")?. On cal- 
cule qu’à cet ordre À, = a?/3!. ; iat 

Il est important de noter que la constante finie qui apparait ici ne peut 
être due à un déplacement de variables incorrect puisque le graphe est au plus 
logarithmiquement divergent. 

Cependant, ce terme étant soustrait, il reste encore a prouver que le ten- 
seur renormalisé est alors effectivement invariant pratique de jauge, c’est-à- 
dire bien tel que ki, Mis” (kyksksk,) = 0. | 

KARPLUS et NEUMAN ont donné une telle démonstration, mais qui est aussi 
entachée par l’usage de la régularisation. Sans régularisation, les deux expres- 
sions qu’ils considèrent, 


È gay STI (iy — mp (typ — Ka) — m)ya(iv(p — Be = ka) — M)yo) _ 
d | A D(p)D(p — k:)D(p — k,— ks) 
Tr (Gyp — m)ya(yi(p + ks) — m)y,(iy(p + he + ka) — sal 
D(p)D(p + k3)D(p + ky + ks) à 
où D(p) = p?+m*, 


ne se compensent plus, après le déplacement de variables (p >p — k,— ka) 
dans la seconde, car elles divergent linéairement. 

En renormalisant avec la constante À,, c’est-à-dire soustrayant le tenseur 
ki, M wos(0000) on peut se ramener à manipuler des expressions seulement 
logarithmiquement divergentes et montrer que 

ke ME (kykgksk,) = 0. 


vec 


Ce résultat peut être aussi compris plus simplement de la façon suivante: 
la différence des deux expressions (7) est de la forme: 


ee o Sl 
(p+ a+)? J (p+q+h? + a) 


apres suppression des termes, au plus divergents logarithmiques, qui se com- 
pensent (A) peut aussi s’écrire [[p +q] —I[p+q+k] avec I[p] =[d'p-p*/(p*+a?). 
On calcule alors que: I[p+q]=I [2] + terme linéaire en 9g; done ROM 5 (Kikoksks) 
est un tenseur linéaire dans les impulsions k,, ky, ks, Ka. 


Supposons maintenant que nous ayons cherché le terme @i 


nteraction entre 
CE O x S x ! " m : è 
trois potentiels quelconques Pro Por Yor et un potentiel de jauge Pu = 0,0; 
Jaq à Na Sh C D 
dans l’espace des impulsions nous aurions calculé 


DU), (ee) pos) g(a) (EE DI Atto) 


c’est-à-dire, précisément, l’expre 


SSION que nous venons de calculer. Or le seul 
covariant formé avec les 


quatre champs, et ne contenant qu’une seule dérivée, 
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est (0,®)p"p.w. Cela démontre qu’une seule constante 7, suffit à cet ordre 
de la théorie de perturbation pour rendre le tenseur d'interaction de quatre 
photons invariant de jauge générale. 


8. — Relations entre les divers termes de violation de l’invariance de jauge classique. 


On peut poursuivre comme nous venons de le faire, l'étude du terme d’inter- 
action entre photons et montrer, au moins au plus bas ordre de la théorie de 
perturbation, c’est-à-dire sans corrections radiatives, que les interactions entre 
plus de quatre photons sont invariantes de jauge. Cette étude générale peut 
être plus simplement faite dans l’espace des x. Soit S°(æ, æ') le propagateur 
d’électron, sans interaction avec le champ de photon quantifié, mais en inter- 
action avec un potentiel classique de jauge 9, = 0, P. D'après l’invariance 
théorique de jauge du propagateur d’électron, qui est manifeste tant qu’il n’y 
a pas de corrections radiatives, il est équivalent pour obtenir S,,(a, 2’) de cal- 


~ 


culer le propagateur de l’électron dans la jauge ÿ— y exp[ie®] on a donc 


Sig a) = 2<0|T(exp[— ieD(e)]p, (a), exp [ieD(x')]y,(æ')) | 0> 
= exp [ie(®’— ®)]8,,,(x' — 2) 
et aussi 


So pa(@' 0) = <O|[P,(”), Ye(’)]|0>o = exp [te(D'— B)]S5, (a! — 2). 


Les termes d’interaction entre un nombre quelconque de photons classiques 
de jauge nous sont donnés par le développement de l’expression 


I[®] = a, O(w)<0|j2(w) |0> . 


Rigoureusement, cette expression n’a pas de sens mathématique défini 
parce que S1(0) est infini. Pour lui donner un sens nous généraliserons la mé- 
thode de limite de Dirac-Heisenberg (!) en définissant 


CEE 2) 10) = “tim £0 ( (LP (a + 8), ap) + (70), paye +9] + 
+ [Fe — 8), p(e)] + [P), yup — 8)1)10> = 
= 2 lim Tr [y,(exp [— ie(D@+9)— H)]S(- &) + 


+ exp [ie( Dw + £) — G(a))] SE) + exp [— ie(P(e — 5) — Pla) ] 816) + 
+ exp [ie(D(x — E) — D2))] Si(— é))] ’ 


(6) P. A. M. Drrac: Proc. Camb. Phil., 30, 150 (1934); W. HEISENBERG: Zeit. 
Phys., 90, 209; 92, 692 (1934); J. G. VALATIN: Proc. Roy. Soc., A 222, 93 (1954). 
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on a 


0 DL 
HAE) Si be (Vu 8,(é)) = A. dE, A,(é) = 4 e al È 
SA 

+ termes reguliers si £ > 0 - 
U(ie, &, D) = exp [ie(D(x + €) — D(x))] = 


(ie)? 


e 
9 
dl 


=1 =F E(ieo, D) + Grey (= Ou D > 2, D2.) + 


} je)? Ce sheng Di 
+ Énéréo (5 Ouve D + sia xD» D + ue 0,P 0, 00,0 | + termes en &4+..., 


puisque 7,(§) =—7,(— &) on a: 


Col 0) = À (nal)T Cie, & D) + DUC ie, 8 D)+n- lie,— & ®)+ 


+ LUC ie, im ee D)) = 


ie 


a na(E) [UO (te, È, D) — U(— ie, È, D) + U(— ie, — &, D) — U(ie,— E, D)], 


8) <O|f2(e) |0>= (5) nalé) ECS De (= Cum D+ 


si nous faisons la moyenne sur les angles, comme on le fait plus couramment 
dans Vespace des impulsions, on a: 


et 


Epoca (er) = (970 + One Ono 3 One Ova) (E?)?f(E?) ’ 


24 


on a finalement 


ee Co, Pie ai ma 5 lad E26, Lee ns 2 
Er — (1e) = (E) — si Cyt Oy a Si 3! 4! (O0 90+ OucOve + 0 np Ova) (È PE 


Mn SD 2.0) i, 


DE Valet al mi La il ae AN ee Ree 
È È rie | PIO Re et ae cag ena 


puisque le potentiel 0, n’est qu’un cas particulier d’un potentiel général Pur 
on doit done avoir, à l’approximation considérée, les termes non invariants. 
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pratique de jauge 


2a | [1 m? 1 AIT 
wee AR RS = — 
entre (é 4 Jeu + 5.31 ee = (op), TT 


Ce résultat montre d’une facon simple l'existence de la constante d’inter- 
action de quatre photons, mais met aussi en évidence sa relation avec la 
constante finie, B, non invariante pratique de jauge, qui accompagne la con- 
stante de masse du photon. 


4. — L’invarianee de jauge du lagrangien. 


Nous pouvons maintenant construire une théorie qui possède les propriétés 
voulues d’invariance pratique de jauge classique restreinte, c’est-à-dire, telle que: 


a) le photon à une masse nulle; 


b) les tenseurs d'interaction entre photons s’annulent lorsque l’un des. 
potentiels est un gradient de divergence nulle. 


Ces propriétés sont en effet réalisées, si en plus du lagrangien Z,, iden- 
tique au lagrangien classique de Maxwell-Dirac, et des contre-termes de Dyson 
6L,, nous ajoutons les contre-termes de formes suivantes: 


(9) 6 L, ca Ào + di Pu ui 29,p" Te An (Py ee ia > hl (0,9%) 


qui sont déterminables en principe, à partir des hypothèses a) et b). Nous 
ne pouvons limiter, à priori, les constantes A; à l’ordre (à = 4). Pour Vinva- 
riance restreinte les constantes h, peuvent être arbitraires. 

Nous avons aussi soustrait, pour être complets, l’énergie du vide, /,. Sous 
de telles conditions les relations de Ward sont alors satisfaites, done Z, = Za, 
et 6Y, possède alors la même invariance théorique que Z. 

Puisque le lagrangien Z,+0Z,+0%, est, par construction, tel que les. 
propriétés d’invariance pratique de jauge en résultent, nous pouvons nous 
demander s’il peut être invariant sous le groupe ((1)+(2)) et en particulier 
puisque Z, et 07, le sont, si 02, peut l’être aussi. Cela ne pourrait être le 
cas que si les constantes 2, étaient nulles, ce qui est exclu, ou bien si les « con- 
stantes » 2, n'étant pas invariantes de jauge sous le groupe ((1)+(2)) satisfont. 
la relation d’invariance: 


(10) > A: (p) = > 1,[ 9] -( gp + 0D) 
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Cette équation signifie que, si l’on change la jauge des potentiels p, > 
—p,+0,®, et simultanément la jauge des spineurs y > y exp{[ie®] les « con- 
stantes » À, sont des fonctions qui dépendent de cette dernière jauge et varient 
avec elle, de telle sorte que l'identité précédente soit satisfaite. 

Tl convient de remarquer, que l’invariance de d Z, suppose l’invariance des 
constantes Z,, Z,, Om et Z, sous le groupe ((1)+(2)); c’est-à-dire, explicite- 
ment Z,[p,, vy] = Z,[y, + 0, y exp [ieD]], par conséquent Z,[¢,— 9,2, y] = 
= Z,|G,, y exp [ieD]]: c’est une propriété qui se voit immédiatement en deve- 
loppant les deux expressions en perturbation par rapport au potentiel 0,®. 

Cette invariance sous le groupe ((1)+(2)) des constantes Z, et 6m ne doit 
pas être confondue avec la non invariance éventuelle (17) de la constante 2, 
sous le seul groupe (2), classique ou quantique. 


5. — Cohérence de l’hypothèse de la dépendance de jauge des constantes de renor- 
malisation des interactions entre photons. 


L’hypothèse de la dépendance de jauge des constantes À, permettant de 
résoudre le paradoxe de l’invariance de jauge, nous devons vérifier que cette 
circonstance se produit effectivement dans les calculs explicites, en perturbation 
ou globaux, de ces constantes. En théorie de perturbation, reportons nous 
au calcul du plus bas ordre de la polarisation du vide du photon (2-b). 
Un changement de jauge constante des éléctrons, a pour effet de remplacer 
S(p) par S(p+eA), c’est-à-dire de produire un déplacement de la variable 
d’intégration. Ce changement est sans effet sur le tenseur invariant pratique 
de jauge qui ne diverge que logarithmiquement. Au contraire la partie non 
invariante pratique de jauge de ce tenseur, divergente quadratiquement, est 
affectée par ce déplacement de variable (*). Il est inutile de donner ici ce calcul 
puisqu'il est pratiquement contenu dans l’expression (8); en effet on a 


8 3 
= <0|j(2)|0). 


dui (D) lane) Tr Vu SE Yu s? ~~ 3a D 
Le 


8 
a Tr (y, S$) ~ 
Ur 

50, ; 

Nous allons maintenant calculer l'expression de la masse nue du photon 
suivant la méthode globale de Lehmann (!8). Le lagrangien que nous prendrons 
sera celui de Dyson, complété de trois termes: de masse du photon, d’inter- 
action photon-photon, et d’un terme en h, déjà utilisé par KALLÉN (19). 


(7) K. JoHNSON: Phys. Rev., 112, 1367 (1958); B. Zumino: Nuovo Cimento, i Whe 
547 (1960). 


(*) J. M. JAUCH et F. ROHRLICH: p. 457, ref. (5). 


(8) G. KALLÉN: Helv. Phys. Acta, 25, 417 (1952); H. LEHMANN: Nuovo Cimento, 
11, 342 (1954). 


(19) G. KALLÉN: p. 346, réf. (7). 
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Tant que nous n’exigeons que invariance de jauge constante, nous pouvons 
en effet choisir les constantes h; à priori. 

Si h,,,70, les équations du mouvement seraient de degré i > 2, ce qui 
causerait certaines complications pour utiliser le schéma canonique. Nous 
faisons donc l’hypothèse que seul h, est différent de zero, et de plus different 
de Z;, évitant ainsi la complication usuelle de l’élimination de 0.191. Nous 
faisons de plus la seconde hypothèse que 7,_,=0. Ces deux hypothèses, 
dont la première est toujours loisible, tant que l’on n’exige que Vinvariance 
de jauge constante, mais dont la seconde pourrait étre fausse, seront en fait 
démontrée étre correctes, méme dans le cas de l’invariance de jauge classique 
générale. 

Notre lagrangien s’écrit alors: 


ze om ni <A 1 
f= — ZW (v2 | m | Z| (7) 5 25 Ou Prd p =. 5 Meu")? ss 


Sao ao du? À 
+ieZ Py pp” — eZ: PY pop" — + Pup + la(pup") . 


les équations du mouvement sont: 


Z, Up, — h 0,0," = — teZ,py,p + eZ py,)o + du? p, — 4hp,p,p". 


Nous utilisons les notations 


Des relations canoniques 


[Pus Cline =0, [Was Por = 0, [pr ty lie = 0, 
[Was Di bee or ny OX + X') ’ [T, aa =0 ’ 


avec 
ie = sides Cad =m; = 23010: , Ta = (Za RP — hd;q', 
fe O( Os) 
on déduit 
I 04; . FT SAN Al ; 
[0 Pi, Pike = — Ue OA X') = [049;, Pike è 


[0a Pay Paule = — paso, 63(X — X'), 
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c’est-à-dire: 


RAT Pili = Zi do VET 
h 


4 I cina 
[04 Puy Os Pr lems Z;(Z,— h) 


Posant selon argument de Lehmann 


(11) <0 | [us Pr] |0> = it + 02(4)04 0,)A(v — x", a) da , 
avec 


(O1 — a) A(æ, a) = 0, OA = 163(X) 


on déduit des relations précédentes 


sl 
(12) Jean =o, foau =z. fle agnaa= 7; 


c’est-à-dire aussi 
h 
fesada = AE n° 


Appliquant d’abord l’opérateur Z; Ulò,, — 10,0, — du?d,, Sur la formule (11) 


on obtient, d’après l’équation du mouvement et les relations ci-dessus, 


uo 


<0|[— 419,9? — ieZ, Py,w + 1eZ, Py, PO), = 0. 


Dérivant ensuite par rapport à ¢’, et prenant sa valeur pour t= #", on obtient, 
après simplification par les relations précédentes, 


AA C0 [pop Qu P]]0) = — 163(X — X) (0./ 0,(a)[aZ3 — du] da + 


+ dd] (os(a)a[(Z3— h)a — du?) — hao,(a)) da) n 


ry 


on a d’autre part: 
<0 [pp p", 9,110) = 16*(X — X)(2£,, C0 1p,p, 109 + €,,<0 |p," 105), 
ce qu’on peut calculer en prenant: 


(01 PP y|9> = tim (01 T(p.(x), p,(x')) |0> 
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et on a: 


) 4 DI 
(13) OTO = dea, 


on obtient, lorsque les indices (o et ») égalent (i, i) ou (4, 4) respectivement, 
les relations: 


; 42 
(14) fotzza — Ôu?) da = NZ: (260 [gigs |0> + CO [gg 10») , 


(2C0 |qaga|0D + <0|p,9"|0)), 


A), 
(15) fet 402)((Z,;— h)a — du?]da = iz: 


les combinant et tenant compte des relations (12) et (13), on a finalement 


— 4du? + DIET da + (73 — ne faste — 22h [ue de a he [ae do — 


nee TOUS a it SA 40, + 40» 
= — 6:4-1¢0|9,¢"|0> = wa ( a ver. da dp , 


ce que nous écrivons, en posant; uè = du2/Z3, 4 = AZ; 


(16) n= Z| onda 4273 aff ae —dad‘p + 


Se a Je 0, da — 21 [ae do aie 


02°9 


he i 
ries a HY de pie: 
È Z. oada—4!A,Z, mal TESTS) da Di 


On peut de la méme facon évaluer les expressions 
<0|[2,.9", pl 10», et <0][9,,j%, p.110) 


que l’on trouve être nulles en vertu des relations précédentes, et en accord 
avec l’invariance de phase de la théorie. 
Nous voyons donc, d’après (14), que si Z,=0, ua = | ota da est invariant 
de jauge, comme on le croit généralement, puisque 0, l’est d’après sa définition. 
Si, au contraire, y, est différent de zéro, comme nous le trouvons en théorie 
de perturbation en attendant que Von puisse le démontrer globalement, on 


a l’équation 


47 ds. 
TRES Z| oyna si i (240 |gi91|0> + <0 [pp 10») . 
43 
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Un changement de jauge p,=— %,+ A, change alors <O|p,p"|0> en 
<0| ,@,|9> + 2A ,<0| G,|0> + 4,4; le second membre de l’équation préce- 
dente n’est done pas invariant et par conséquent yj non plus. 

L’invariance de jauge de l’équation du photon résulte, dans le premier cas 
de la compensation entre la variation du courant du vide et la variation du 
potentiel intervenant dans le terme de masse lors d’un changement de jauge 
(1-2), alors que dans le second cas, la variation de la masse compense par 
ailleurs les termes de variation du courant du vide en A? ainsi que les termes 
en A, provenant de la variation du potentiel. 


6. — Calcul des constantes /;. 


La relation d’invariance de jauge (10) pour 0,® — A, = constantes, donne 
Z Ag = DÀ:(A)-(p+ A) 
qui peut s’écrire aussi 
(17) > AG — AY = YA(A)-(9)°. 
Introduisons les tenseurs symétriques yf*- et 7” tels que 


Tri __ 2 Sia VO La ere ~ 
DAY = Pt LENS ee PuPyt 20e me (GaP, Gn 


done 
Pops LISTE: 
ri = dada rue bi 3 (Our doo + Sp dre + duo Sve) ; 
1 1010] 1 
Gi et eo = 15 he (dan 0 vo Sor Hate 


Supposant A, infinitésimal et identifiant les termes en P,®,.… dans 
deux membres de (17) on obtient les relations ist 


~ 


A= 


o” 
uv... Sa Il p ay A AVO se __ D dì led 01 
Yo ( ) (sz dA,.. jul} a Yori = (= 1) (3 aA DIA) 0) cioe 
v O... A= 
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que nous pouvons écrire symboliquement 
lodi ~ 
(17°) Yorn = (—1)(0°7,(A)), - 
Par conséquent, les constantes A; peuvent se calculer à partir des expres- 
sions de la densité d'énergie du vide, ou de la densité de courant du vide dans 


un potentiel externe. 
On a en particulier 


a Av de ‘dt ed 1 ad 71 
120 ww = 55 V2 oil Volo = — 53 (0 Vi)o è 
I 3 uroo 3 DUVOO ~ 3 Veo ~ UL 
Aa(Ò uvdoo + One Ova =F 0 Op) = xi Va == At (0 Vo)o = er eh (0 Vi)o . 


Le calcul de 2, qui est la qualité la plus fondamentale de la théorie et la. 
déduction des constantes À, à partir de 7,(A) ne sera pas donné ici à cause 
de la longueur de cet exposé (*). Nous déduirons ici les constantes /,,, de 
la fonction (A) que nous allons maintenant déterminer directement. 

En Vabsence d’un potentiel gradient externe, l’équation du mouvement du 
champ de photon (non renormalisé) y, est, avec oyn = yn‘ (Zs) "" et hyp =h/VZ,.- 


ih (n-1) 


Dos — hdd, = To = tee Puy Yo — i a om — Ty On 0) : 


ce qui définit un opérateur de courant (non renormalisé), J. Ce courant satis- 
fait ’équation de conservation 0,75 = 0. 

On obtient aisément la forme de JY avec la méthode utilisée par GELL- 
MANN et Livy (2°) en calculant l’expression de 07/04 produite par la va- 
riation w>y(1+ie4’0") qui entraine 


n) (n) 
(n) (n) OVE 40 NO (nel) 4 On 
0 OT. ee Var dA° dr = oat... no . 
AE 


La constante ,y#, dont le rôle est de soustraire le courant du vide doit être 
telle que <0|J5]0> = 0: 


(o) {n—1) 


— L IVO... Soon TANG 
oY1 = 160 €0 | Poy Yo 102 D (=) on aac) (2 0 


(*) Un bref résumé de cette méthode est donné dans notre note réf. (*), p. 1. 
(9) M. GeLL-MANN et M. Lévy: Nuovo Cimento, 16, 705 (1960). 
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S : i A 
de cette série, seuls contribuent les termes contenant un nombre pair d’opé 
rateurs de photon puisque 


<0 |g) |0> ~ <0[J510> = 0, 
done 


pr 


5 — \ 1 x i VOOT à 
ah = 86060 | Pay “pol 0) — 5 078 0 1g 10) — 25 os" <0 PrGoPePe|0> — …… - 


D'autre part les constantes ,y,,,, d'interaction de 2p +1 photons sont nulles 
d’après la symétrie de charge. La constante y” est done égale a 


deo €0 | Poy" Wo | 0» 


et on peut la rendre nulle par le procédé de Heisenberg-Dirac (comme a 
la Section 3). 

D’après le principe d’invariance de jauge, et le fait que Z,= Z, le lagran- 
gien du systéme des électrons et des photons placés dans un potentiel constant 
s’obtient en remplaçant g?, par go, +4 ny Ou bien en changeant la jauge des 
Spineurs, et aussi les constantes 54, en ,4;(4°). 

C’est ce dernier point de vue que nous choisirons ici. 

On a alors pour équation du mouvement du photon plongé dans le po- 


tentiel a : 


A n © ii (n—1) 
u u MR e ead: Te uve...7 0 0 
Lig — hd Ù Po st Ve Ÿ — DI (Een) = 1)! ovat (Pr Po SH 
1 . 


AVEC Po = Yo EXP [ie A4°x)]. 
Le courant dans le potentiel externe est J“; la fonction +! définie par la 
condition €0|J#|0> — 0 est alors: 


a SUI | . / = for N = 1 AV + 
MT) a AY = OP E pate lol) - 


Voyons d’abord que seuls les termes impairs oYerti COntribuent. 


En effet, compte tenu de ce que <0|]g#|0) — <0|]77]0) = 0, les éléments de 
(29+1) 


matrice <0|g7 ...|0> sont indépendants du potentiel de jauge (constant) d’après 
le théorème de la Section 1°B-2, done nuls comme précédemment, 

A la différence du cas où il n°y a pas de potentiel externe, les constantes 
07241 ne sont généralement pas nulles. On a alors d’après (17') 


n o Sete di, NINO 1 dala CECO 
ai ova = + (067 1)0 = oO Bae VoYu Po |0> — È (29)! a Fis) <0 Poor sem Ope 
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Les constantes À, satisfaisant par hypothèse les relations d’invariance de 
Jauge constante (10) et le lagrangien étant invariant sous le groupe ((1)+(2)), 
nous pouvons appliquer le théorème de Ward (restreint) pour calculer les 
expressions (0,, ... 071)o- 

Définissons 


, 
Ua 


Ti'( Ag) = ie <0 | wy" Gy |0> = ie (exp [te (A(x — w'))]<O| Poy P| >) 


où le champ y, satisfait aux équations du mouvement en l’absence de potentiel 
= pi . 9 22217, 0, ,U 
externe: (y0 + mo)w = 1609,Y" Ya 


Nous pouvons alors exprimer <0|%y"y.|0> à l’aide de la représentation 
spectrale du type de Lehmann. 
Nous définissons des fonctions of(a) et o8(a) par: 


+ o 
<0 4 wo, Po} Ode = — if are ab ox(a) (A(x — x',a)da, 
0 
dou 


KO lf Wo, Dore |O> = y10(X — FI) fot da , 


d'où canoniquement 


Soit 
fo = (yO + Mo)Yo = iep,y "Yo ; 
On à: 


<0 | {fos Po | 0. ~ 0 


{0° dor Pot 10 ~ 01 P210> ~ CO 170) = 0, 


puisque nous avons précisément soustrait le courant du vide dans notre la- 
grangien. On déduit alors, comme LEHMANN 


0 

fo: da A 

Mae gr = —-|02da. 
fo} da 


Calculons maintenant: 
i 
Ò | 
oo — Por |M 
Ÿ MFO? af of |! Ci) 
[Peter Ga Vo) 
en utilisant les équations du mouvement 


es Ni = TES 
OLD, = — diva + Moda — 060 Po PIV + 


4 — Il Nuovo Cimento. 
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Les termes en 


CO HKphos (GP)}l0) et CO (pe, Poy | Orme 


sont nuls car proportionnels à <0|¢°,|0> — <0|37,]0 = 0. Le seul terme a 
contribuer est de la forme: 


<0 {Po wow Py Pos) | 0»; cri <0 D Port Vos Woo} | (0 i 0 (OA | 0), Vas (X e? x) ’ 


comme on le voit en tenant compte des relations canoniques de commutation 
des champs y’, entre eux et avec les y, et wo et des relations d’anticommu- 
tation des y et wo. 

On a donc 


OI, | 
<0 {e + Mo)Pa » rai Pil |Obag = 
4 


si @ 
=f (2 | loo! + M02)Oap + (Moor + 03)Yap0) A(x — wx’, a) da) = 


0%, t=t 


= — (63(X — Xp ot + m,02) da , 
le premier membre donne alors 


— (ie) (yurar, Pas 01997 | Ove OX — X) 
soit 


— (a) (1) 4960 [92.9 10>, oy OX — I) 


en tenant compte de 


I ; ' 
(0 In Py | (1) Fa QU lee | 0), Ò, 


pe 


On a donc 


Jao! + m,0%) da = ec 0 eae o™ 0S; 
avec 
es Jor us, 
on obtient: 
(18) Jeotaa = e i e2<0 Po |0). 
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Nous pouvons maintenant calculer les expressions 


Sn 


(ie 5 Lia") 
ates 


/ AS=0 


on a 


a | Sane 
(FE sel ) = (i¢y)?((@ — 29), <0|Tr (Pop! 46) 103, = 


ca 


= (165)2 C — æ'), 5 Jar TT (Yu Ya) 0x Aia a’, 0210) 


c'est-à-dire en posant & = (œ — x} et (£,6,/&) 0 — +0, et tenant compte 
de (18) 


ve il a : 
ae on A (a ) | ian, 4 Wal a 018) da = 
i 5 f E—>0 
2% mi 
as = Our (co: = ma) — 2 <0 (2 va > Onn 


on a aussi de la même façon: 


= (ie) és frite i 0) da = 


SR 
2 4 R 4 i (USS 
— %o 3 (0 uv doo + Onno ve sa Ore da) ova |- 5 


là 
- dana) 
canta ao 


Pat 205 0. ae 270 n duo 040) 


et avec 


EEE EE by = ((E)9/8X 49) (84055 5oe +) 


15 termes 


- 2 Lu \ 
(ben LAS) = — add +) | fest ( PLE Tt.) aa 
- E>0 ; 

(OPP TH(A9) ns = 0. 


On a done finalement, utilisant (17') et (17"), les équations des yy: 


2 


D] 
x Mo 
uv 91798 SOS 2 
Ve = — 21 Apa Oy [co* — a a <0 | oy 
TT 


HOM | 0) de: 


0 0 0 PAIN 


ik 1 urea 
+ 50720 19h 910) + pope LO | pepper 
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Al 4 phir. 1er 

ls OE nb Nig HO mÔ got) = + 20 3 (dude + Tgr reo |. pp 0) + …, 
a, 6! ie 

TA eet, = = 5-3 Ag (6 ur doc dar + l= OF o1 078 0 (20410 + 


Coi Or oppone 


‘ac 1 C ‘atisfaites nar a 70 ESSER TO ng 
Ces equations sont satisfaites par ,y,,~, (donc 2,4) = 0; alors 


0 2 
Ma = % 


1 
3! 


et les termes en < 0\ ee" 10) se compensent dans l’equation de À, qui donne 
finalement 


2a mi x 
Bae 2 aX 0 0 12 2 
— 2g = fo = (cot 1 | = Da (co'”— M) - 


Par conséquent les constantes À, (è >1) sont égales à leur valeur calculée 
au plus bas ordre de la théorie de perturbation en x et mo. 


Cependant nous avons fait au cours de la précédente démonstration cer- 
taine hypothèse implicite, sur laquelle il nous faut maintenant revenir. 
Nous avons en effet obtenu pour la constante (08 J"), l'expression 


roo 


Py, 


2 i 0 9 di | I )(£2 2 i 2 2 
~ goa) |E2 | — aoa oe eS) da + & | 0, da = w 
5 / |È°->0 4 


Mais si nous avions fait l’intégration sur (a) avant le passage a la limite 
(£ — 0) nous aurions obtenu, en plus du résultat précédent, des termes indé- 
finis GS oî(a)‘ada+... si 0°(a) ne converge pas assez rapidement. 
Cette ambiguité est levée si nous laissons È fini dans V’expression alors bien 
définie 
sa, 


LA eee [otta) Tr(y,$t(6, a)) da. 


Li 
“ 


Les expressions (¢ MIRE (OS sont alors respectivement proportionnelles à 


DI 


da [ex mE] dp o (a | ni pet Rin 
aw p lips} ap ova) (a | 


Janfesr [ipé] d'po;(a) (a _ 4a : 3a? 


et 
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Alors que la seconde intégrale ne nécessite que la convergence de {a,(a) da 
pour n’étre pas ambigue suivant que l’on prenne la limite É >0 avant ou 
après l’intégration sur (a), la première intégrale, au contraire, est ambigue si 
foi(a) a)a da ne converge pas, et sa valeur peut être différente suivant que l’on 
intègre sur (a) avant ou après que È > 0. 

Cette ambiguité apparait effectivement si le deuxième membre de la re- 
lation (18) ), <Ol pes |0> ~|da [dtp (408 0,)/(p°+ a —ie)) diverge, ce qui est le 
cas Si fe. + et fora da ne sont pas nuls, comme cela se produit en général. 
Le cas où 0,=—40,, pour lequel le second membre serait nul, peut être 
réalisé par un changement de jauge quantique; mais alors la nouvelle fonction 9, 
(non invariante de jauge quantique) se déduit de o, par une relation telle que 
la dépendance en g, disparue du second membre de (18) réapparait au premier, 


comme cela doit être d’ailleurs puisque mÿ est invariant. 

Un traitement qui lève l’ambiguité mentionnée plus haut conduit à des 
développements qui dépassent le cadre de cet article dont Vobjet est princi- 
palement de résoudre le paradoxe de la masse du photon et de montrer l’im- 
portance des constantes 2;. Nous nous limiterons donc ici à utiliser la pre- 
scription (£ +0 avant Vinteraction sur (a)); les conclusions qui en dépendent 
seront précisées et révisées éventuellement dans un article ultérieur. 

Mentionnons cependant que les valeurs des constantes 7; obtenues de cette 
facon s’interprètent très bien dans la théorie des graphes. 

D'après les propriétés connues, d’une part de la renormalisation des graphes 
(en théorie de perturbation en x et my), et d’autre part de l’invariance pratique 
de jauge, nous savons que, à toute simple boucle d’électron, B*’, portant 2N 
nœuds et d’où partent 2N photons d’impulsion nulle, est associée dans la matrice 
S un contre-terme — la constante 73" ~ af (infinie, finie, ou conditionnellement 
nulle) —, qui renormalise cette boucle en la rendant identiquement nulle. Les di- 
verses corrections radiatives à cette boucle sont constituées de boucles B?"?£ Vou 
partent 2K lignes fermées de photons, éventuellement enchainées entre elles 
par d’autres boucles. Ces corrections sont renormalisées dans la matrice S 
par les contre-termes en (aŸ#, a¥**, ... x) de À". Mais à chaque boucle 
BYE est aussi associé un contre-terme de 72°?" en a) "* dont le seul effet est 
précisément d'annuler la contribution éventuelle apportée par la boucle BTE 
Ainsi les termes de 7?” en a«ÿ** (K>0) sont nuls, et le seul terme, en a, 
est donné par le calcul de B°*". 


7. — Théorie invariante de jauge classique générale. 


Nous nous sommes limités, dans les derniers chapitres à construire une 
théorie qui ne satisfait qu’à l’invariance de jauge constante. Nous allons main- 
tenant montrer que, moyennant une modification mineure, cette même théorie 
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possède aussi l’invariance de jauge classique générale. La théorie précédente 
est construite de telle sorte que le théorème de Ward restreint soit valide, 
c’est-à-dire que les interactions des photons avec un photon d’impulsion nulle 
soient nulles. Nous voudrions nous assurer d’une théorie qui possède la pro- 
priété plus générale (Sect. 1° B-2), qui, pour être satisfaite, pourrait éven- 
tuellement nécessiter l'introduction de termes de couplage en (0,g,)" ou 
(0,g") U?(0,9°), que nous n’avons pas considérés jusqu’à présent. 

Nous allons démontrer que les interactions de photons quelconques g"(k,) 
avec un potentiel de jauge quelconque 0,®(k), sont nulles lorsqu'on utilise les 
seuls contre-termes déjà introduits dans 07, (°). Pour cela il suffit de mon- 
trer qu’une boucle fermée d’où partent N photons et où arrive un photon de 
jauge est nulle sauf dans les cas où N<3 pour lesquels interviennent les 
contre-termes contenus dans d L,. 

Considérons donc ce type de graphes, d’abord sans corrections radiatives: 


9, (k,) 


Py oc 
peu lB) Ty 
CRY BY) 


ph Yo (Ky) 
D'après 


S(p — k)yk S(p) = S(p — k) — S(p) 


ce graphe devient 
Py (Ky) - . : Polly) 
P 
=e 
fie ees o — Dir. y 
p-k 
g, (Hy) r 5 x G, (Kk) 


Dap Anlae Ar] 

Par un déplacement de variables p —% + p le premier graphe peut 
Riv LS ù 
s'écrire: 


ok) 0 eil) 
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mais parmi les différents graphes obtenus par permutation des lignes de pho- 
tons, il y a toujours un graphe où l’ordre des lignes de photons (kj... ko) est 
inversé (kt... kj). Il y a alors compensation des graphes, si le déplacement 
de variables n’a pas introduit de «terme de surface», ce qui est le cas si 
NS 3: 

Pour tenir compte des corrections radiatives on généralise ce caleul en 
utilisant la théorie de perturbation faite avec les constantes nues (e, m,), ce 
qui évite l’inclusion dans les graphes des contre-termes de self-énergie. 

Nous avons alors le même type de graphes que précédemment, à cette 
différence près, que certaines lignes de photons qui étaient ouvertes sont main- 
tenant fermées. Le cas où le photon de jauge interagit avec les photons ex- 
ternes par l’intermédiaire de chaines de différentes boucles d'électrons reliées 
entre elles par des lignes de photons, n’a pas à être considéré, car, à de tels 
graphes, sont associés, dans la matrice S, les contre-termes convenables, qui 
sont tels que la boucle fermée où s'attache le photon de jauge soit nulle. 

Comme dans la démonstration faite plus haut, nous pouvons passer du 
premier groupe de graphes au second en changeant, non seulement comme 
précédemment l’impulsion des électrons de p — K en — p, mais aussi les im- 
pulsions des lignes internes de photons de /, en —l,. 

Ce dernier changement étant sans effet sur les intégrales en /,, le seul terme 
de surface ne peut venir que du déplacement de la variable d’impulsion de 
la ligne d’électron. Un tel terme n’est différent de zéro que si le nombre de 
nœuds sur cette ligne est < 3. 

Pour N=3 nous retrouvons ainsi le résultat que la seule constante À 
en æ, suffit pour rendre invariante de jauge générale l’interaction 19°. 

Dans le cas N= 2, les graphes sont en principe nuls, par symétrie de 
charge; cependant il convient, pour étre complet, de noter, que ce terme 
d’interaction de trois photons n’est pas nul lorsque on le calcule avec le seul 
procédé de symétrisation de Dirac-Heisenberg, — (il a alors la forme 0,(9,9"9,) 
et est sans effet sur les équations du mouvement) — et qu’il est nécessaire de 
symétriser comme à la Sect. 3 pour obtenir le résultat voulu. 

Le cas N=1 peut se calculer directement. 

Le tenseur de polarisation du vide le plus général est de la forme: 


(21) Cup) = Tr | dtky, Sor(p + kb) Lup + k, k)Spo(k), 
(22) AGERE 


Q,(0) est relié à la constante y; que nous avons déjà obtenue. Les autres termes 


du développement de 


20), © (#@ , 
Q(p°) = Qo(0) 4 »*| À] (ae), Pos) 
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peuvent s’obtenir en utilisant des relations déduites des identités de Ward 
généralisée, 


th LD PER SP) SECTOR ES ik, I" (p +k, p) 


It 


(la dernière égalité étant obtenue en changeant % en —k, puis p—k en p 
dans la première), et restreinte 


il'.(P, P) = ap, Sep) E 


H 


Dérivant par rapport à % la première identité on a successivement: 


De NOTE 
Tip, p +0 + By Labs? +) = ip Sp +4), 
27 (PEPATE È. Tip; D +) 4 ky Ca LD, p + k) — 
Oke a , dk, Bp , L Ch, Cks lt 
92 
A Ne SA (r-_ k 
dr 
et les mêmes équations avec (pp +K). 
Faisons tendre k vers zéro et introduisons la notation: 
oe n = 
(= Tp, p + i) = lw Ds Da) 
CNR k=0 
on a: 
LUD, Da) + Tip, RP) = — 10,587 “(p) = ID D) + TP, D) 
mais 
oL'3(p, P) a 2 io a 
x == Lp(Be, p) dita lp: Px) = a LC ap Sp ‘(p) , 
done 
(23) l(,P = Io ?) 
et 
(24) Da P) = Lp, P,) = Lo LD. Pp) 


on a en généralisant la méthode 


(25) LE D D) "n iva; Pp) 


I 

» 
ap 
S 
= 
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De (22) on tire alors 


D 242 70 AGI , (CQo(p? 
CESAREA 4 PRE is | AN ' | 
p°=0 


terme qui détermine la constante ,h,. 
La même expression, calculée avec (21) en utilisant les relations (23), (24) 
et (25) conduit alors à l'expression 


ae, rr 040 0"8 ir dk, 


proportionnelle à la constante déjà calculée 49. 

On trouve finalement que ,k—1—%/3x et, de facon analogue, que le 
coefficient de (0,g") Li(0,”) relié à (02y/(0p°)°), est nul comme 70. 
Les relations (23) à (25) ne permettent malheureusement pas d'obtenir, 
pour la partie de KN, (p?) invariante de jauge une expression qui soit fonction 
du seul propagateur de l’électron. Les résultats ainsi obtenus par un calcul 
direct dans l’espace des impulsions, auraient pu être déduits, en généralisant 


la méthode de la Section 4, introduisant dans le lagrangien la série des termes 


foe) 
arbitraires > h:(0,¢")', > :(0,p") D'(0,p") et jouant sur la dépendance de jauge 
i=0 


des constantes A, (en particulier de h, et Aj). 


8. — Conclusion. 


Nous avons montré que la contradiction entre le principe d’invariance de 
jauge et apparition d'une masse du photon nu est en fait levée lorsque, dans 
le lagrangien ou dans les équations des champs, l’on associe aux expressions 
faisant intervenir cette masse, celles dans lexquelles apparaissent les quantités 
non invariantes de jauge que sont la densité d’énergie du vide et la densité 
de courant du vide. Par ailleurs nous avons trouvé que la masse du photon 
n’est pas non plus invariante de jauge. Cette propriété résulte de Vintroduction 
dans les équations du photon d’un terme d’interaction non linéaire photon- 
photon, nécessaire pour assurer la validité du théoreme de Ward. 

Il convient à ce sujet de souligner l’importance de ce terme de renorma- 
lisation de l'interaction photon-photon non invariante de jauge dont l’ommis- 
sion, si elle n’a été compensée par une prescription convenable, peut intro- 
duire une divergence infrarouge dans le calcul de Veffet Delbrück. 

La théorie ainsi construite a sur la théorie conventionnelle l’avantage de 
principe de relier les invariances pratiques de jauge de la matrice S à existence 
du groupe mathématique d’invariance de jauge des équations, évitant ainsi 
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de tronquer la matrice S pour obtenir les invariances pratiques que l’on est 
en droit d’attendre pour des raisons physiques. 

Enfin «prenant au sérieux» un ensemble de termes que l’on considère 
d’habitude comme parasites, et qu’on s’ingénie a éliminer, nous trouvons au 
contraire que ces termes ont la propriété intéressante d’être les seuls que les 
méthodes actuellement connues permettent de caleuler à tout ordre de la théorie 
de perturbation. Puisque ces termes sont, par les formules de la Section 5, 
liés aux grandeurs observables, nous obtenons ainsi, certaines informations 
sur les grandeurs observables, et cela, à tout ordre de la théorie de perturbation. 
Ces résultats seront exposés dans un prochain article. 

Cependant un mystère n’a pas été élucidé: l’électrodynamique quantique 
déduite des équations usuelles de Maxwell-Dirac, dans lesquelles le photon à 
une masse nue nulle et n’a pas de self couplage, ne semble pas pouvoir repré- 
senter le photon physique, aussi bien d’après la théorie de perturbation que 
d’après Vargument global de la Section 5; il resterait cependant à voir com- 
ment la structure de cette théorie peut être telle qu'avec une masse de méson 
«observable » qui semble être infinie, et des interactions « observables » méson- 
méson de contact, une espèce d’invariance pratique de jauge puisse d’après 
les théorèmes de la Section 1 en émerger. Ces équation suggèrent évidemment 
une explication possible des propriétés encore incomprises des champs intro- 
duits par YANG et MILLS (?8). 


Nous tenons à remercier Monsieur R. STORA, pour d’intéressantes discus- 
sions. 


(#) C. N. Yane et R. L. Mirus: Phys. Rev., 96, 191 (1954); J. J. SAKURAT: 
Ann. Phys., 11, 1 (1960). 


RIASSUNTO (*) 


Prima si richiamano i principi della invarianza di gauge e studiano le violazioni che 
subiscono nella teoria della perturbazione: cioè, la ben nota autoenergia dei fotoni; 
ed il termine di interazione fotone-fotone comunemente trascurato. Poi si costruisce una 
nuova equazione del campo fotonico, che comporta nuove costanti di rinormalizza- 
zione, tale che la matrice S è invariante di gauge, senza ricorrere alla regolarizzazione. 
L’invarianza di gauge delle equazioni di campo, fornisce le relazioni per le nuove 
costanti di rinormalizzazione. Il calcolo non perturbativo prova la consistenza di queste 
relazioni e connette le nuove costanti alle quantità osservabili. I valori di queste 


costanti vengono poi calcolati in ogni ordine della teoria della perturbazione 


(*) Traduzione a cura della Redazione. 


1370 


IL NUOVO CIMENTO Vo FOX, Na 19 Aprile 1961 


Dispersion Relations and the Causality Concept (‘)("). 


J. M. LozANo and M. MosHINSKY 


Instituto de Fisica, Universidad de México - México, D.F. 


(ricevuto il 31 Ottobre 1960) 


Summary. — It is well known that the scattering function S(x) asso- 
ciated with a cut potential has certain analytic properties that make it 
satisfy dispersion relations. It is of interest to see how these analytic 
properties are modified when the potentials are not cut-off at a certain 
point, but continue to infinity, going asymptotically to zero there. The 
discussion is first carried using a causality condition enunciated as fol- 
lows: The wave function associated with any initial wave packet remains 
bounded for all time. As a consequence of the causality condition, we 
obtained that it is no longer the S(x), but a new function, which we call 
the dispersion function, that satisfies the analytic properties that imply 
dispersion relations. We also check these analytic properties directly from 
the Schrodinger equation. Finally, to discuss the significance of the poles 
of the dispersion and scattering functions, we analize in detail the scat- 
tering by the Eckart potential, obtaining the time dependent Green func- 
tion in terms of basic interaction Green (BIG) functions associated with 
the poles of the dispersion function. From the behaviour of the BIG 
functions, as functions of time, we can also obtain restrictions on the 
analytic behaviour of the dispersion function. 


1. — Introduction. 


It is well known that the s-wave scattering (**) by a cut potential of 
radius a leads to a scattering function S(x) that is an analytic function of x 
in the upper half I, of the complex plane of the wave number x, except pos- 


() Work supported by the Instituto Nacional de la Investigacion Cientifica, México 

(**) An abstract of this paper appears in the Proceedings of the Tenth Annual Inter- 
national Conference on High Energy Physics. 

(1) J. Tromno and W. Scnirzer: Phys. Rev., 83, 249 (1951). 

(2) M. Mosuinsky: An. Acad. Brasileira Ciencias, 4, 343 (1952). 

(3) A. MARTIN: Nuovo Cimento, 14, 403 (1959). 
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sibly for poles on the positive imaginary axis that corresponds to bound states. 
Besides, an elementary discussion of the square well potential of range « 
shows that 


ae SS . 
yi de (1) S(x) exp [i2xa] > 0, 
/ \ 
i when x is in I, and |x|+ co. A general proof 
i ee of this property for an arbitrary cut potential 
-k k of range a will be given in Section 3 using 
the Born approximation. 
As a consequence of the properties of S(x) 
given in the previous paragraph, we see that 
Fig. 1. - Integration contour in the absence of bound states, the following 
in the x-plane. integral vanishes 


(2) [ewe k) | {exp [ix(r — 19) | — S(x) exp ['ix(r + ro) | dx — 0, 
5 


where C is the contour of Fig. 1, and r>r> a. The proof of (2) is imme- 
diate if we complete the contour C by the dotted contour of Fig. 1, and use (1) 
and the Cauchy theorem. In particular, if r=7,=a, we get from (2) the 
dispersion relation 


[col 


2k TR S(x) ex 2 xa 
(3) Im [S(k) exp [î2ka]] = — ci “| Rei gl dx 
È TT x2 


#2 — k? 


CI 


0 


where Im, Re stands for imaginary and real part respectively, and P indi- 
‘ates the principal value. 

For the non cut potentials, MARTIN (3) and others (*) have shown that the 
properties of S(x) of the first paragraph no longer hold. For example, it is 
possible to construct potentials (*) with poles of S(x) in I, outside the ima- 
ginary axis, and also to have poles on the imaginary axis that do not cor- 
respond to bound states. It follows therefore that, in general, for non cut 
potentials, S(x) no longer has the analytic properties that make it satisfy equa- 
tion (2) or the dispersion relation (3). 

We could ask ourselves what would be the generalization of equation (2) 
to arbitrary potentials, so as to obtain a new function, which we will denote 
by the name of dispersion function, that satisfies dispersion relations. 

In Section 2 we shall obtain the dispersion function using essentially a 
causality principle formulated as follows: the time dependent Green function 


(*) See the article of A. MARTIN for other references 
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for the scattering by an arbitrary potential should be bounded for all times. 
As a consequence of this causality principle we shall see that the dispersion 
function is the Laplace transform of the time dependent Green function and 
that it satisfies an equation which reduces to (2) in the particular case of cut 
potentials of radius a. 

In Section 3 we shall show directly that the dispersion function is analytic 
in I, except possibly for poles on the imaginary axis associated with bound 
states. Furthermore, using the Born approximation, we shall show that the 
dispersion function tends to zero as a function of x when x is in 7, and 
x|— oo. From these properties of the dispersion function, an equation that 
is a generalization of (2) follows immediately. 

In Section 4 we discuss the particular case of scattering by the Eckart 
potential (*°) which gives a very simple S(x). We obtain explicitly the dis- 
persion function and the time dependent Green function of this problem, and 
express the latter in terms of basic interaction Green (BIG) functions asso- 
ciated with the poles and zeros of S(x). We shall show that the BIG functions 
of physical significance are those associated with the poles of S(x) that are 
also poles of the dispersion function. From the asymptotic form of the BIG 
functions, when ¢—> co, we obtain restrictions on the analytic behaviour of 
the dispersion functions that are similar to those obtained in Section 2. Using 
the properties of the BIG functions, we briefly discuss the significance of the 
complex poles and zeros of S(x), comparing it with the results of our previous 
papers (57) and with the recent analysis of BECK and NUSSENZWEIG (8). 


2. — Time dependent scattering by a potential and the causality principle. 


In this section we shall give the time dependent description of the scattering 
by a potential, to be able to introduce a convenient definition of the causality 
principle. 

For the sake of simplicity, we shall restrict ourselves to s-waves and a 
central potential, though the present discussion can be generalized to arbitrary 
angular momentum and non-central forces in an obvious way. The equation 
satisfied by the time dependent wave function g(r, t)=ry(r, t) is then 


1 &œ(r, t E Og(r; t) 
(4) = HO) pr tr Net, Fe 


(4) C. Ecxart: Phys. Rev., 35, 1303 (1930). 
(5) V. BARGMANN: Rev. Mod. Phys., 21, 488 (1949). 

(6) M. Mosninsky: Phys. Rev., 84, 525 (1951). 

(7) J. M. Lozano: Rev. Mexicana Fis., 2, 155 (1953); 3, 63 (1954). 
(8) G. Beck and M. NUSSENZWEIG: Nuovo Cimento, 16, 416 (1960). 
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where V(r) is the potential and #—m— 1, m being the mass of the par- 
ticle. 

As the time dependent description of the scattering of a wave packet by 
a potential can be expressed by a superposition of Green functions, we shall 
restrict ourselves to the discussion of (4) with the initial condition 


(5) [g(r, DIS: NES (]2)rs" S70); 


where 7, is an arbitrary point. The time dependent Green function will be 
denoted by (7, 10, t). 

To obtain (r, 7, t) we introduce its Laplace transform ®(r, 7, 5) de- 
fined by 


œ 


(6) P(r, 7038) = [oo ro, t) exp[— st] dt. 


0 
As is well known, D(r, 7), s) satisfies then the equation 


1 d? 
2 dr? 


— 
il 
_ 


+ is — vo P(r, Fos 8) = (21) (7 — n) 


and @(r,7,,%) is given by (°) 
e+to 


(8) AP 0) ZI) | Dr, fo, s) exp [st] ds, 


J 
c—io 


where c is a real positive constant such that 
(9) lo(r, %, 4) |< A exp [et], with 4>0 


We shall now formulate the causality principle in the following way: the 
absolute value of the time dependent Green function should be bounded for 
all times ("). This formulation is physically obvious and it has also the ad- 
vantage of not being related to any limiting velocity so that it is applicable 
to non-relativistic as well as relativistic problems. In the latter case, we must 
of course consider the g(r, 7), ¢) associated with a Klein-Gordon or a Dirac 
equation. 


(*) H. S. CarsLaw and J. C. JAnGER: Operational Methods in Applied Mathematics 
(Oxtord, 1941), p. 72. 

(*) This formulation of the causality principle does not hold for #=0 and Pi 
but this is not relevant as the principle will hold if we average the Green function over 
any interval surrounding 7. 
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From the causality condition enunciated in the previous paragraph, it 
follows that ¢ could be taken as zero and from the theory of the Laplace trans- 
form (°), or directly from (6) we see that D(r, 7), 8) is an analytic function of s 
on the right side /, of the plane s. Besides, @(r, 7), s) is bounded in T, as can 
be seen from the fact that 


ao fee) 


COD Jou, To, t) exp[— st] dé | < Jexp [—Sat]|p(7r, 7, t) |dt<(A/s,), 


Di 


0 0 


where s,= Res. 
We now express s in terms of a new variable x as 


(11) Sia 


The Laplace transform in terms of this new variable will be designated as 
P(r, Yo, %) Ve, 
(12) (I, To, %)= P(r, To» 8) ; 


and it satisfies the equation 
(13) er et V(r) Pro aT) 


The contour parallel to the imaginary axis in the plane of Fig. 2A, trans- 
forms into the contour in the x plane of Fig. 2B. The analysis given above 


A) B) C) 


Fig. 2. — A) Integration contour for the time dependent Green function in the s-plane. 
B) Integration contour for the time dependent Green function in the x-plane. () Inte- 
gration contour for the dispersion funetion in the x-plane. 


now indicates that G(r, 7, x) is analytic in the first quadrant of the plane x, 
and it tends to zero when x is inside the first quadrant and 
(10) we can substitute s, by (%.%,) where x,, x, are respectively the real and 
imaginary parts of x. Furthermore, if the potential V(r) — 0(°) faster than 771 


wu 


— C9, as in 
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when 7+ co, the function G(r, 70, x) tends to a superposition of exp [+ ixr] 
when r —oo, but as from (10) G(r, ro, x) is bounded inside the first quadrant, 
we see that only the outgoing wave exp [ir] can appear in (7, Yo, x) when 
e OS) 

From the properties of the 6 function, and the previous remarks, we see 
that G(r, To, x) 18 completely defined by the following set of relations 


(14a) fe + er (lee TIRO if = È DE 
(145) P(0, 10, x) = 0, 

(14e) Pro 0, Vos *) = Pro — 0, To, %) è 

& niet 

Grid lim (7, ro, #) oc exp [ixr] . 


From (14) we see that the functions [P(r, ro, x)|* and G(r, 7, —x*) will 
satisfy exactly the same set of equations and therefore, we obtain the sym- 
metry property 


(15) errata 


This implies, in particular, that the function G(r, 7, x) with x in the second 
quadrant is just the conjugate of G(r, 775, —x*), where now — x* is in the first 
quadrant. 

The function q(r, 7%, x) is then analytic in the upper half 7, of the complex 
plane x except possibly, for the positive imaginary axis. It also tends to zero 
when x is in J, and > co, again with the possible exception of the posi- 
tive imaginary axis. We shall show in the next section that the only singu- 
larities of (7,7, x) on the positive imaginary axis are poles and these are 
associated with bound states. 


x 


If, for the sake of simplicity, we restrict our- 
selves to potentials without bound states, we could apply Cauchy theorem to 
the function g(r, 7), ~) along the contour of Fig. 2C to obtain: 


1) The function g(r, 7, x) satisfies the equation 


(16) fe) Ger) pen, x) de = 0, 


ce 


where C is the contour of Fig. 1. 
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») = È . . . 
2) The time dependent Green function g(r, 7, t) given by the inverse 


Laplace transform (8), becomes 


i D 
et 
DI 


di 


= il 
(17) AY, Too = = fre "To, X) EXD xdx, 


where the integration is taken along the real axis in the x plane. 
If the potential is cut at the point a, and if we take r > 7 > a, the equa- 
tion (14) will give immediately that 


(18) DUT To LT (Zi) {exp Léx(r — r9)] — S(x) exp [ix(r + n)]} , 


where S(x) is the scattering function of the problem. The equation (16) be- 
comes then precisely the equation (2) that leads to the dispersion relation (3) 
for the case of cut potentials. 

We could consider then that (16) is the generalization of (2) for an arbitrary 
potential. We shall designate G(r, 7), x) as the dispersion function, as from the 
causality requirements it has the analytic properties that make it satisfy equa- 
tion (16), and therefore lead to a dispersion relation. 

In the following section we shall show directly, with the help of the 
Jost (9) functions, that (7,7), x) has the analytic properties obtained in this 
section with the help of the causality principle. 


3. — Analytic properties of the dispersion function. 


We shall start by defining the Jost (1°) functions {(+ x, 7) with the help 
of which we shall give the explicit form of the dispersion function (7, 7, ). 
The functions f(+%x, 7) satisfy the equation 


2 
(19) te 2P (0) ICE X; Tr} = 0, Dre 


and the asymptotic condition 


(20) lim f(x, 7) = exp [=F dr]. 


T—> co 


If the potential V(r) satisfies 


(21) | IV(r) [dr <00, 


(19) R. Jost: Helv. Phys. Acta, 20, 256 (1947). 


5 - Il Nuovo Cimento. 
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then f(— x, r) as a function of x is analytic in I, and f(x, 7) is analytic in Je 


as was shown by BARGMANN (°). Besides, by an analysis entirely similar to 
the one that leads to (15), we can prove that 


(22) [hea ry)" == 1", ry 
The Jost functions for r= 0 will be designed simply by 
(23) f(x, 0) = fl), fx 0) = fx). 


The regular solution of (19) must be zero for r= 0, and therefore it can 
be written as 


(24) F(x, 1) = (20) [f(— x) f(, 7) ff, v)] - 

From the properties of the Wronskian, we have that 

(25) [ak (x, r)/dr],_= — 1 

and therefore, from a well known theorem of differential equations (11), we 


have that Y(x,7) is an entire function of x. 
If we take the limit when r +co, we obtain from (25) and (20) that 
rc 2ix 


(26) him Fr) = jo) exp [— ixr | — je exp[ixr]] , 


so that the scattering function S(x) is given by 


(27) S(x) = [f(*)/f(—x)] . 


From the equation (14 a, b, e) it follows that 


Dy P(r, ro, x) = A(x) B(x, 7), if 0O<r=< nm; 
QP; To) B(x) f(— x, r) , ORESTE 


Using now the equations (14 6, d) we obtain 


GT, To, a = 1)" F(x, ro) [f(— x, ryif(—x)], if r> ro. 


From the properties of f(— x, r) and E(x, To) 


i given in the previous para- 
graphs, it follows that @(r, ro, x) 


is analytic in 7, of the x plane, except pos- 


(4) E. L. Ince: Ordinary Differential Equations, p. 72. 
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sibly at the zeros of f(—x) in 1,. We shall prove that the zeros of f(— x) 
are either in /_ or on the positive imaginary axis, and that in the latter case 
they correspond to bound states. 

From the equations (19) satisfied by f(— x, r) and f(x*, 7) , and from (22); 
we obtain 


(30) {fx nn) — fl, 0) foe, ry P+ 
+ (22 2 [2 JE dr Ur 


0 


If x is in I, de. x= x,+ ix, with x,>0, we have from (20) that the paren- 
thesis in curly brackets in (30) vanishes when 7 -> co, so that using the 
notation (23) we obtain 


(81) {Lf JF (— 0) — ft) fe", 0)} = (a — 2") fn par. 


Ji x=% is a value in J, such that f(—x,)=0, which implies that 
I f(— x) |* = 0, also, then 


(32) 0 — #6 fu #0: Tr = 0, 


and therefore, x, can only be on the positive imaginary axis. The function 
f(— x) cannot be zero for x real, because from (22) we would have [f(— x) ]*= 
= f(x) for x real, and therefore the Wronskian of f(— x, 7) and f(x, 7) would 
be zero for r= 0, which would lead to the contradiction that f(x,7) and 
f(—x, r) are not linearly independent. 

For the zeros of f(—x) on the positive imaginary axis, x=7|x|, and we 
have from (24) that 


(33) F(i|x|, +) = Di f(—ilx|,r), 


so that the regular solution of the equation (19) goes exponentially to zero 
for roo, so that it represents a bound state. We can therefore say that in 
the absence of bound states the zeros of f(—x) are in I_. 

From the analysis of the previous paragraph we see that q(r, 7, x) is ana- 
lytic in I, of the x plane in the absence of bound states. The only remaining 
point is to prove that G(r, 7, x) tends to zero for x in LL if |x|— co. We 
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shall use the Born approximation, which is certainly valid when |x|— oo, to 
prove this point. . . 

By direct substitution we can prove that the equations (14) are satisfied 
if G(r, ro, x) obeys the following integral equation (7?) 


(34) rd sin (er) fe exp [ixa]2V (x) p(æ, ro, #) da = 


r 
r 


— x1 exp [ixr] | sin (xx) 2V (x) px, ro, x) de + u(r, ro) è 
0 


where 


(35a) U(T, ro) = — (xro) ! exp [ixr] sin (x7) ; PST. 
For r< », the integral equation is similar to (34) but only replacing (7, 7) by 


(355) Or, To) = — (kr) exp [far] sin (xr) , r 


IN 
= 


In the absence of a potential, œ(r, ro, x) reduces to u(r, ro) if r > ro or to 
V(r, To) if r< 79. Therefore, in the first Born approximation, we can replace 
the G(x, ro, x) that appears under the integral sign in (34) by u(a, ro) if x > 75 
OY U(%, M) ik <7, and we obtain for ME 


(36) @(1, Vo, #) 2 #71 sin (xr) | 2V (x) exp[ixx](xn) exp [ixx] sin (x7) da + 


v 


? 
+ #71 exp [ixr] pro sin (x@)(xr,)! exp [îxx] sin (xr,) de —- 


To 


+ x exp [éxr]{2V(@) sin (xæ)(xr,)71 sin (xx) exp [ixr,] da + u(r, 10) : 
0 


and a similar expression for r< 7. 


All the integrals in (36) are of the type 


(37) Caro) | V(x) exp [ixé) dx, 


(#2) N. F. Morr and H. S. W. Massey : Theory of Atomic Collisions (Oxford 1949) 
second edition, p. 108. 1 
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where È is a linear function of x that is always positive in the corresponding 
integration intervals. From (37), (21) and (35) it follows that q(r, 7%, x) tends 
to zero when x is in I, and — co, which was the point we wanted to 
prove. In particular, if we consider a cut potential of range a, we have that 
for r>7%> a, G(r, To, %) has the form (18). Taking then the lower bound 
r=r—a, we obtain from (18) and (36) that 


# 


(38) (Zixa)- {1 — S(x) exp [i2xa]} ~ — (2ixa) {exp [i2xa] —1}+ O(x2), 


where the first term on the right hand side corresponds to u(a, a), while the 
second represents all the integrals in (36), which from (37) are at least of order 
47°. From (38) we see that the asymptotic condition (1) is satisfied if x is 
in J, and |x 

We have shown that in the absence of bound states (*) G(r, 7, x) is an 
analytic function of x in 7, whose absolute value tends to zero when 
in J,. Therefore, the equation (16), which was derived in the previous section 
using a causality principle, can be obtained directly from the analytie pro- 
perties of the dispersion function defined by (14). It follows also that the 
time dependent Green function is determined by (17). 

In the following section we shall obtain the explicit form of the time de- 
pendent Green function for the Eckart potential, for which the dispersion 
function G(r, 7%, x) is particularly simple. 


—> CO. 


X 


=>, CO) 


4. — The basie interaction Green (BIG) functions. 


In this section we shall show that for the Eckart potential the time de- 
pendent Green function can be expressed in terms of basic interaction Green 
(BIG) functions that are associated with the poles and zeros of the scattering 
function S(x). 

We shall start by defining the Eckart (*) potential V,(r) and its corres- 
ponding Jost functions, as is done by BARGMANN (). The potential V,(r) is 


given by 


DA SIA 
(39) Malt) = exp [Bar] = Ap? 


(*) The presence of bound states can be easily taken into account by surrounding 
the corresponding poles in the positive imaginary axis by an appropriate contour, as 


suggested by Fig. 20. 
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where (*) —1<y<1, 4> 0. The Jost functions associated with the Eckart 


potential are given by (9) 


16 .  W(r) 
(40a) iii ; | 
where 
2y exp [— 24r] 
(40b) wir) £ | 


~ y exp[—2ar] +1 


From (40) we see that 


x + dv y (x + iv)(x + 4A) 
eh) la x Et. Die (x = iv)(x — tA) i 
where 
(42) y= AL (y —1)/(y+ ye 


From the expression (24), (29) for the dispersion function @(7r, ro; x), We 
obtain for the Eckart potential 


(43) Pl’; To, %) = 


exp [ Ar, | (7 
= 2 (BS Dr) sin (210) 9 PI 0 i È ( a) 
2470 | y AE 


sin(x—+il)r sin (x — re) 


exp [ixr]. 


x Li Ah 


_ A+r_- (7) 
[1 +2 ; 
u— WwW 


Substituting (43) into (17), and expressing the sines in terms of exponentials, 
we see that the integrals to be evaluated are of two types 


: 1 2 I 
(44) G(ir-+yr, t) = Jr Î AT Lo) — = xt dx , 
ER Tifo SETTI 
(45) ADE Fos Et) | exp [far + lo) tl] dx. 
TTI 4 — Is 


The function G(r - 


E Yo, t) is the time dependent Green function of the prob- 
lem in the absence of a potential which, as is well known, is given by 


(46) G(r, t) = — (2/at)* exp [77/4] exp [ir?/2t] . 


(*) If y>1, we could have a bound state, 


| and the following analysis would have 
to be modified slightly. 
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The function y(r+r, k,t) appears associated with those values x=k that 
are the zeros and poles of f(— x) and poles of f(x), which for the Eckart po- 
tential mean the two poles and one of the zeros of S(x). We shall designate 
the y functions by the name of basic interaction Green (BIG) functions, as 
they are associated with the intrinsic properties (zeros and poles) of the 
scattering function S(x), a function which, in turn, describes the interaction 
process. The functions y have been discussed previously (5), and their explicit 
form is given by 


(47) u(r, k, t) = exp [i(kr — $k*t)] erfe [(1— à)(r — kt)(4t)-*], 


where 


2a exp [— u?] du . 


From the properties of erfc (2) we obtained (*) the following asymptotic form 
for the y’s when t— co, 


(48) erfe (2) 


3 a 
— (2/2k?t)* exp è 7 exp [?r?/2t], au <argh<—, 
(49) dim x(r,6,t) = | 2 exp [i(kr — 4 et)] — 
I 3 
— (2/7k%t)} exp i= exp|w/2t], —T<agk< n 


From (17) and (43), (44), (45) we obtain finally that the time dependent 
Green function for the Eckart potential is 


(50) A’, To, t) = re L Ter Piet) OT, t) | an 
. è vw(ro)w(r) exp | [Ar +75) | ; 
Ay, 2y À 


-{exp Foti MEET )] x (rA-ro, — #4, 1) exp [ Ar To) 1 X(T —To) — dà, t)\— 
à w(ro)w(r) exp [A(r +7) ] 
476 2yÀ 


{exp LA(r + To) | WT To, id, t) — exp [A(r = ro) | u(r —7%, tA, t)}— 


È “i De w(ro)] [A+ y—w(r)] x + ro, dv, à). 


From (50) we see that the time dependent Green function can be expressed 
in terms of the functions y(r +70, k,t) for those values of k that are zeros 
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of f(— x), poles of f(-x) and poles of f(x). These values of k are going to 
be designated by x, O and @ respectively, and for the Eckart potential are 


given in Fig. 34. 


Fig. 3A. — Eckart potential. | Fig. 3B. — Bargmann potential. 


x zeros of f(— x), © poles of f(— x), @ poles of f(x). 


It is interesting to note from (50) that the y(r+7, k,t) for the k asso- 
ciated with O and @ of Fig. 3A, appear combined in such a way, that the 
combinations tends to zero when # + oo, as can be seen immediately using (49). 
This behaviour is true even for more complex potentials. For example BARG- 
MANN (!), using the methods of Jost and Kohn (!), and of Gelfand and Levi- 
tan (5), has constructed a potential for which the f(x) is given by 


(HE x — ida)(+x— ia*) 
51 a l 7 ahi : È = . TE» , 
et) ic (+ x — 1B)(+ x — ib*) 


where «, f are complex numbers whose real and imaginary parts are positive. 


The y(r+7, k, t), that appear in the solution of this problem, correspond to 
the values of k 


(52) k=—ta, —ix* Lib, + 26*, 


and are shown in Fig. 3B, where we follow the same convention as in 1937248 


From (49) the y’s associated with k= i8* will tend to infinity when t +c0, 


and this would appear to violate the causality principle. But the y’s appear 
combined in this problem (1) in the same way as in the curly brackets of (50), 
and therefore, their asymptotic forms cancel and there is no violation of the 
‘ausality principle, as we would of course expect. 


(13) V. BARGMANN: private communication, 

(14) K. Jost and W. Koun: Mat. Fys. Medd., 27, (9) (1953) 

5 eRe SIE 953). 

(°) I. M. GELFAND and B. M. Leviran: Amer. Math. Soc. Trans., Sec. 24, 250 


(16) J. M. Lozano: Rev. Mexicana Fis., 9, 149 (1960). 
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The discussion of the previous paragraph seems to suggest that the BIG 
functions y(r-+ 7, k, t) associated with values % of the type o and @ are not 
physically relevant, and rather represent a kind of geometrical effect asso- 
ciated with the source point »,. This can be seen more clearly if we pass to 
the limit » 0. From the properties of the Wronskian, the function PE era) 
of (24) tends to —1 when 7, —0, so that Gr, 0, x) reduces to 


(53) G(r, 0, x) =— 


Using (17) and (40), (41), we see that œ(r, 0,t), for the case of the Eckart 
potential becomes 


(54) g(r, 0,t) = 4 [A+ y—w(r) — i(2r/t)] Kr, t) + de [A+ »—w(r)] x(7, dv, 1), 


which shows that for r, — 0, we only have BIG functions associated with k’s 
of the type x, that is, with zeros of f(—~x). 

In general, we shall show that q(r, 0, x) of (53) has only poles at the zeros 
of f(—x). We already showed in the previous section that (7,7), x) is ana- 
lytic in I, of the x plane in the absence of bound states. We need then only 
concern ourselves with the behaviour of g(r, 0, x) in J_. From (24) we have 
that 

Dinh (2,7) f(x, 7) f(—%, 7) 


de f—*)fx) fe) fH 


4 


where F(x, 7) is an entire function of x. Furthermore f(— x, r) is analytic in 
in I,, f(x, 7) is analytic in 7_, and in the absence of bound states, (that is, if 
f(—t|x|)40), f(—x) has zeros only in J_ and f(k) only in I. Therefore, 
(f(x, r)/f(x)] is an analytic function in I_, and [2ix F(x, r)/f(x)f(—x)] has poles 
in I_ only at the zeros of f(— x). From (55), (53) we conclude that the poles 
of G(r, 0, k) are due only to the zeros of f(— x). If instead of (21), V(r) satis- 
fies the stronger condition (5) 


co 


(56) [vo |exp [ar] dr < co 


0 


for any «> 0, then the corresponding f(— x, r) is analytic in the whole com- 
plex plane so that the only singularities of G(r, 0, x) will be poles. Developing 
G(r, 0, x) in a Mittag-Leffler series around these poles (7) the corresponding 


(1?) R. G. Newton: Journ. Math. TO jo A BUG) (CID). 
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p(r, 0, t) will contain BIG functions y(r, k, 1) associated only with k’s of the 
type 

Another way of understanding the significance of the values k of the type O 
and ®, is to consider that as F(x, 79) is an entire function of x, we could de- 
velop it as 


/ 


or 
(57) F(x, ro) = F(k, ro) + (3 


CH 


He kt... 


Taking for k values such that f(—X%)= 0, we see for example, for the Eckart 
potential, that the time dependent Green function is a combination of functions 
y(r £7, k, t) where k is of type +, and of ordinary Green functions G(r +79, t) 
and their derivatives with respect to r. From here we can conclude that the 
BIG functions associated with k’s of the type O and @ represent in essence 
the effect of translating the source point from the origin to 7, and therefore 
these BIG functions correspond essentially to a kind of multipole development. 

The BIG functions associated with k’s of the type x, 7.e. with poles of 
the dispersion function @(r, 7), x) do have a physical significance, as they ap- 
pear even when 7,= 0. Besides, from (50) we see that their combination does 
not cancel in general when t + co. In the case of the Bargmann potential, 
the dispersion function has a pole k=—ia (assuming «=«a,+la, with 
0<a,<«,), and the corresponding y(r, —ia, t) has, from (49), the asymptotic 
behaviour 


x i i 
(58) x(r, — ta, 1) > 2 exp lar + — at] — (2/7k*t)} exp exp [ir®/2t], 


. 
noe 
{ 


so that besides a diffusion term, it has a term that decays exponentially with 
time and can be interpreted as a quasi-stationary state (88). 

The correlation of the physically significant BIG functions that appear in 
the time dependent Green function, with those values of k associated exclu- 
sively with the zeros of f(— x) and therefore with the poles of the dispersion 
function, allow us to formulate the causality concept in terms of the behaviour 
of the BIG function. From the asymptotic behaviour (49), we see that if k 
is in the first quadrant of the x plane, then y(r, k, t) tends to infinity when 
t—oo and therefore, the causality condition discussed in Section 2 is not 
satisfied. An would indicate that the dispersion function (Tr; To, x) can not 
have poles in the first quadrant of the x plane, and because of the symmetry 
conditions (15), it can not have poles in the second quadrant ether There- 
ore in the absence pi bound states, G(7, 7), x) cannot have poles\in.Ta: sli, 
besides, P(r, Yo, x) Satisfies the behaviour at infinity implied by (10), the dis- 
persion relation implicit in (16) follows. 
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5. — Conclusion. 


In this paper we have enunciated the causality condition in the following 
form: The time dependent Green function associated with the problem should 
be bounded for all times. From this causality condition one concludes the 
existence of a dispersion function, the Laplace transform of the time dependent 
Green function, that satisfies dispersion relations. For certain types of poten- 
tial the time dependent Green function can be expressed in terms of basic 
interaction Green (BIG) functions associated with the poles of the dispersion 
functions. From the behaviour of the BIG functions as functions of time, 
one can obtain information on the analytic behaviour of the dispersion fune- 
tion in /.. 

In this paper we make use only of the BIG functions associated with the 
Schrédinger equation. We have also obtained (#8) the BIG functions for the 
Klein-Gordon and Dirac equations. In future publications we plan to apply 
these BIG functions to the generalization of the present analysis to relativistic 
problems. 


The present work was initiated during a short stay of the authors at Prince- 
ton University as fellows of the Comision Nacional de Energia Nuclear, México, 
(J. M. Lozano) and of the Alfred P. Sloan Foundation (M. MosHINSKY). We 
are indebted to Professors V. BARGMANN and E. P. WIGNER for helpful dis- 
cussions. 

(CS) M. MosmxsKky: Symposium on New Techniques in Physics, Rio de Janeiro, 
(1954), p. 285. 


IRUPARS S UNO) 


È ben noto che la funzione di scattering S(x) associata ad un potenziale di taglio 
ha certe proprietà analitiche che fanno sì che essa soddisfi alle relazioni di dispersione. 
È interessante studiare come vengono modificate queste proprietà analitiche quando 
i potenziali non vengono tagliati a un determinato punto, ma continuano all'infinito, 
ivitendendo asintoticamente allo zero. La discussione si fa dapprima usando una condi- 
zione di causalità enunciata come segue. La funzione d’onda associata ad ogni pae- 
chetto d’onde iniziale rimane sempre limitata. In conseguenza della condizione di 
causalità, si è ottenuto che non è più la funzione S(x), ma una nuova funzione, che 
chiamiamo funzione di dispersione, a soddisfare le proprietà analitiche che implicano 
relazioni di dispersione. Noi verifichiamo queste proprietà analitiche anche diretta- 
mente dalla equazione di Schrédinger. Infine, per discutere il significato dei poli delle 
funzioni di dispersione e scattering, analizziamo dettagliatamente lo scattering da 
parte del potenziale di Eckart, ottenendo la funzione di Green dipendente dal tempo 
in termini delle funzioni di interazione di Green (BIG) associate ai poli della funzione 
di dispersione. Dal comportamento delle funzioni BIG, in funzione del tempo, otteniamo 
anche le restrizioni al comportamento analitico della funzione di dispersione. 


x (*) Traduzione a cura della Redazione. 
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Summary. —- The results of the B-ray spectrometer and scintillation 
spectrometer studies of 2.5 min 128Cs decay are presented. The Fermi- 
plot of the positron spectrum taken in Siegbahn-Slatis spectrometer 
gives the following end-point energies: (2885+ 25) keV (100, log ft 4.8), 
(2445+ 25) keV (39, log ft 5.1), (1900+ 40) keV (<16, log fé>5.1) and 
(1300+ 40) keV (<8, log ft>4.6). The analysis of the y-ray spectra in 
scintillation spectrometers shows the following y-rays: 168 keV (10). 
270 keV (23), 440 keV (50), 511 keV (200), 970 keV (1.5), 1120 keV (2.1), 
1660 keV (0.4), 2180 keV (0.36), 2420 keV (0.2). With the help of these 
data, P+-y and y-y coincidence studies, the following levels in !28Xe are 
suggested: Ground state (0+), 440 keV (2+), 970 keV (2+), 1560 keV 
(0* or 2+) (all fed by positrons and electron captures), 2620 keV (perhaps 37) 
and 2860 keV (2+) fed by electron captures only. It is suspected that 
the 2620 keV state may be the first octupole vibrational level. 


1. — Introduction. 


It is now well-established that the ground-state and the first excited state 
of near-spherical even-even nuclei are usually 0+ and 2+ respectively. The 
second excited state of such nuclei, if supposed to arise from the anharmonic 
surface oscillations, should be a triplet 0+, 2+, 4+ (14) 


siae 


: All the members of such 
a triplet have been observed in 1!4Cd only. Normally, all the members of the 
triplet cannot be fed i -dec: PCAUS + ; i 

I £ d in B-decay because of the B-decay selection rules. But 


(') G. SCHARFF-GOLDHABER and J. WENESER: Phys. Rev., 98, 212 (1955) 
(?) L. Winters and M. JEAN: Phys. Rev., 102, 788 (1956). | | 
(9) T. Tamura and L. ©. Komar: Phys. Rev. Lett., 3, 344 (1959) 
(7) R. K. SHELINE: Rev. Mod. Phys., 32, 1 (1960). | 
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wherever the parent spin is 1+ or 2+ and enough decay energy is available, 
there is no apparent reason why the 0+ member of the second vibrational state 
should not be observed unless the energy separation of the 0+ and 2+ states 
is so small that radiations to and from them cannot be resolved. It was with 
the expectation of being able to throw some light on this aspect of the problem 
that the study of the decay of 128Cs was undertaken. 

The decay properties of 2.5 min 1#C$ are not known very well, mainly 
because of the difficulty of producing this isotope. All that is known is that 
it decays by the emission of positrons, the spectrum of which can be de- 
composed into three groups (5) with end-point energies at 3.0 MeV, 2.5 MeV 
and 1.5 MeV. FINK and WIG (*) studied the mixture 12%Ba — 128Cy > 128Xe 
and found 135 keV, 290 keV, 460 keV, and 970 keV y-rays. HOLLANDER and 
KALKSTEIN () found a 270 keV y-ray which they attributed to the decay of 
128Ba, and 440 keV and 980 keV y-rays to 128Cs. WAPSTRA, VERSTER and 
BOELHOUWER (’) found 460 keV and 1500 keV y-rays in the decay of 128Cs. 
NovaKov, KoICKI, MLADJENOVIG and ARBMAN (8) produced !28Ba by (p, 6n) 
reaction by bombarding CsCl with 80 MeV protons in the Uppsala synchro- 
cyclotron. From their study in the B-ray spectrometer, they found conversion 
lines which could be the K line of 162 keV y-ray or the L line of 133.9 keV 
y-ray, the K line of 277.7 keV y-ray, K and L lines of 441.5 keV y-ray and 
the A lines of 527.8 keV and 576.3 keV y-rays. In addition, they found strong 
conversion lines of a 276 keV y-ray, which they attributed to 14Ba». They 
found some additional conversion lines which could be identified as belonging 
to the decay of ‘Ba. In a scintillation spectrometer, they found 270 keV, 
440 keV, 511 keV annihilation radiation, 940 keV and 1200 keV y-rays. What 
intrigued us from the survey of these results was the absence of a positron 
group to the 970 keV second excited state of 128Xe (°) and that although about 
4 MeV decay energy is available, no higher energy y-rays had been reported. 


2. — Source preparation. 


One gram of CsCl was bombarded for two hours with about 90 MeV pro- 
tons in the Harwell cyclotron and the target was flown to Bombay. The Ba 
activity was co-precipitated on Pb(NO;), by fuming HNO,. After two pre- 
cipitations of Pb(NO;),, the Ba activity was obtained carrier-free by removing 


) J. M. HorranpeR and M. I. KALKSTEIN: Phys. Rev., 98, 260 (1955). 
) F. W. Finx and E. O. Wie: Phys. Rev., 91, 194 (1953). 
(7) A. H. WarstRA, N. F. VERSTER and M. BOELHOUWER: AE CURE 138 (1953). 
) T. Navagov, S. Koréxt, M. Miapsenovic and E. ARBMAN: Comptes Rendus 


(9) M. SAKAI: Institute of Nuclear Study, University of Tokyo, INSJ 19 (1959). 
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Pb by precipitation with H,S. From the supernate, the Ba activity was 
deposited on the source-holder by simple evaporation. The Ba activity, as 
later studies revealed, consisted of 39 hour !**Ba”, 12 day !Ba and 2.4 day 
128Ba. The 2.5 min 1280s, which decays by positron emission and by electron 
captures to 1#Xe was in equilibrium with Ba. The “Ba decays only by 
electron-capture to 128Cs. The presence of Ba did not interfere in the study 
of the positrons and the high energy y-rays of 128Cs. 


3. — Beta-ray spectrometer studies. 


The spectrum of positrons was measured in the intermediate focussing 
Siegbahn Slatis B-ray spectrometer, set for a resolution of 3.59%. The source 
was deposited on a (500 u g/cm?) mylar film; the solid matter in the source was 
less than one mg/em?. The Fermi plot of the spectrum is shown in Fig. 1. 


L L 
2000 2500 3000 


1500 
Energy ( keV) 


mg Tor : q AS 7 x 1 
Fig. 1. — Fermi plot of the positron Spectrum taken in Siegbahn-Slätis B-rav spectrometer 


The positron spectrum could be resolved j i a 
ee 4 a 3 i: do resolved into four groups with end-point ener- 
ries and the intensities gi he Ta . : 
a + z given in the Table I. The table also gives theoretical 
ranching r: Be > ane “ve a > ‘ i 
ng ratio (e/8*), for each group, of the K capture and positron decay. 
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Since the points for the two lower groups are scattered rather widely, the 
intensity values for these groups of positrons are the upper limits. 


TABLE I. 


The low energy spec- 
trum was studied with a 
thinner source. It was real- 
ized that for the identifi- 
cation of the conversion 
lines belonging to ‘Ba, 
one would have to study 
the decay of the intensi- 
ties of these lines to rule 
out those belonging to 
ito and Ba ‘This 
could not be done. But 
the occurrence of the con- 
version lines due to y-rays 
of 270 keV and 168 keV 
could be confirmed. 


4. — Scintillation spectro- 
meter studies. 


The spectrum of y-rays 
from the mixture Ba 
and !28Cs was studied in 
a scintillation spectrome- 
ter, with a Nal(T1) crystal 
1iin. diameter and 2 in. 


Fig. 2. — Spectrum of low 
energy y-rays. 
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high, and with a single channel analyser. The y-ray spectrum was also studied 
with a 4in. x 4 in. NaI(T1) crystal and a 20-channel pulse-height analyser set-up. 
An expanded spectrum of y-rays up to 600 keV in energy is shown in Fig. 2, 


NO. /30 s 


10 I enni E] Teco i i | 


200 1000 2000 
Energy (keV) 


me € 4 = AA û O D 
Fig. 3. — Spectrum of high energy y-rays. The higher 
energy portion is plotted multiplied by a factor 100. 


3000 


where the full line gives the 
spectrum as actually taken, 
and the dotted line shows 
the spectrum corrected for 
the background and the con- 
tribution of other barium 
isotope impurities. The peaks 
due to 168 keV, 270 keV, 
440 keV and 511 keV y-rays 
were assigned to 1?#Ba — 
— 1280g > 128Xe from the 
measurement of the half-life 
of the deeay of their inten- 
sities. The spectrum of y-rays 
was studied for about a 
month and the impurities 
were identified as ‘Ba, 
ee Rae 

Fig. 3 gives the higher 
energy part of the spectrum 
taken with a single-channel 
analyser. In order to record 
weak intensity y-rays, 1.2 cm 
of Pb were inserted between 
the source and the crystal 
to attenuate the lower energy 
y-rays and so avoid the over- 
loading of the spectrometer. 
The decay of the intensity 
of the y-rays in this part of 
the spectrum also was stud- 
ied for about a month. The 
full-line curve in Fig. 3 gives 
the actual spectrum, the dot- 


ted curve gives the spectrum corrected for the background and impurities, and 
the dashed-curve gives the calculated contribution due to the bremsstrahlung 
produced by the annihilation of positrons in flight (°). For the lead and the 


(°) J. B. GERHART, B: ©. CARLSON and R. SHERR: Phys. Rev., 94, 917 (1954). 
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Nal(Tl) assembly used in the present experiment, the calculation of the con- 
tribution of the bremsstrahlung is based on the experimentally observed (11) 
contribution in the case of pure positron emitters as observed with 1 in. XL 10. 
Nal(Tl) crystal. This introduces some uncertainty in the estimate of the in- 
tensity of the weak high energy y-rays. The y-ray spectrum was analysed 
with the help of the spectra taken in identical geometry of standard y-rays, 
by successively peeling off the contribution of y-rays starting from the high 
energy side. As a result of the analysis, taking into account the photo-effi- 
ciencies, the energy and the relative 


intensities of the y-rays were calcu- 300 
: : 440 
lated as given in Table II. | 
200} 
TABLE II. 

Energy of the y-ray Relative 100} 

in keV intensity | [ 
| 168+10 - 10 —+2.0 | 

270+10 Et A 

440 +10 50 45.0 | 530 

511 200 | = 
970-410 1.5. 0.3 = 

1120+15 | Oar ee ord. = 

1660-15 0.4 20/1 = 

2180+30 0.36+0.1 

2420 +30 | 0.2 0.05 


970 


5. — Coincidence studies. 


made. In coincidence with the po- 
sitrons, the spectrum of y-rays below | 
1 MeV was taken with a coincidence 200 400 600 800 1000 1200 
resolving time of 2:10-7s. The po- Energy (keV) 

sitrons were detected in an anthra- 
cene crystal mounted on a Dumont 
6292 photomultiplier, the entire po- 
sitron spectrum above 500 keV was taken in the gate. i cani pe seen NE 
Fig. 4, 440 keV, 530 keV and 970 keV y-rays were absery eda coincidence with 
the positrons. From this spectrum, the ratio of the intensities of the stop-over 


| 
The following coincidence stu- 
dies of the radiations of 1°8Cs were 
] 1 


Fig. 4. — Spectrum of y-rays in coincidence 
with positrons. The channel-width is 22 keV. 


(1!) R. K. GiRGis: Thesis (Amsterdam, 1960). 


6 - Il Nuovo Cimento. 
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530 KeV and the cross-over 970 keV y-ray was found to be about 4. The 
value for this ratio in the decay of 128I has been found to be 4 (11). 

The spectrum of y-rays in coincidence with the annihilation radiation taken 


with a 20-channel pulse-height analyser is given in Fig. 5. It may be stated 
that the gate included the 530 KeV y-ray 
also, which is very much weaker in 


10,000 
1000 1000 
sE 
E 
LO 
SS c 
S = 
= E 
de 
= 
S 
= 
100 100 
10 Bia I 10 
1000 1500 2000 
500 
Energy (keV) Pieri 2000 2500 
Fig. 5. — Spectrum of y-rays in coinci ; 

Î le /OINC1- Fig. 6. — Spectr v-Tavs in coi 
dence with the annihilation radiation. cidence da pa eee cs 
eae gate included the 530 keV y-ray also. The gate included some of ini 
The higher energy portion in the curve nihilation radiation Hite ithe big 
is magnified ten times. The channel energy portion is plotted mag if 1 

width is 50 key. Fe t Fe ae 
en times 
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intensity. One can see the occurrence of the 511 keV, 970 keV, 1120 keV, 
1450 keV, 1650 keV and also probably 1800 keV y-ray peaks in the coinci- 
dence spectrum. The spectrum of y-rays observed in coincidence with the 
440 keV y-ray taken with the 20-channel pulse-height analyser is reproduced 
in Fig. 6. The 440 keV gate for this experiment included some annihilation 
radiation pulses also. In this case, 511 keV, 970 keV, 1120 keV, 1450 keV, 
1650 keV, 1800 keV, 2180 keV and 2420 keV y-rays were observed. From the 
comparison of the coincidence spectra with 440 and 510 keV gate it way con- 
cluded that 2180 and 2420 keV y-rays are in coincidence only with 440 keV 
y-ray while 970 keV y-ray is in coincidence with either annihilation or 530 keV 
y-ray only. The 1120, 1450, 1650 and probably 1800 keV yTays seem to 
be in coincidence with 440 and 511 or 530 keV radiations. 


6. — Decay scheme. 


With the help of the data on positron spectra and y-ray spectra and the 
results of the coincidence experiments, a decay-scheme of 1°°Cs has been drawn, 


1 128C< 


x 
Oe 7 
2420 2 ey 


(3) 262077 T F 


1800 DSS 
1650 
| e<10% 
1560 — cas We 
| | eae 
I | 1576 
| 
+ | ON i 
du | E 10% 
2180 [120 
in € 13% 
970 |440 
Oe 28 Xe 
Fig. 7. - A tentative decay scheme of !25Cs. 


. ava avi O TOUL ANR 
which is shown in Fig. 7. The levels in Xe at 440 keV, 970 ke\ and 
1560 keV can be inferred from the end-point energies of the positron groups 
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obtained from the Fermi plot of the positron spectrum, the levels at 440 keV 
and 970 keV being identical with what is observed in the decay OTTO 
addition, two higher levels at 2620 keV, and 2860 keV are shown. These 
two levels had to be proposed to account for the occurrence of the high energy 
y-rays. In the decay-scheme, some transitions are shown with dotted lines 
because we could not be certain from the results of our measurements that 
these transitions did take place. This is particularly true of the electron-capture 
transition to the 2620 keV state. 


7. — Discussion. 


The log ft values for the positron decay from 1#Cs (1*) to the ground, 
440 keV, 970 keV and 1560 keV states are all about 5, from which one can 
conclude that these are all allowed transitions. This is what one would expect 
for the transitions to the ground (0*), 440 keV (2*) and the 970 keV (2*) states. 
The spin and parity of the 1560 keV state, consistent with the log ft value, 
could be 0+, 1+, 2*. In the present work, as no y-ray could be unambiguously 
taken to originate from the 1560 keV state the assignment to this level 
of spin and parity 1* seems unlikely. The 1120 keV y-ray has been shown 
starting from this state because of the sum-rule consideration and the fact 
that the 1120 keV y-ray was found to be in coincidence with the 440 keV 
y-ray. We were not able to find any definite evidence of the occurrence of the 
576 keV y-ray, the conversion line of which was detected by Novakoy et al. (°). 

On the question whether the 0* member of the second vibrational level 
participates in the decay of !23Cs, we were able to gather no positive evidence, 
although one would expect this level to figure significantly in the decay scheme 
of this isotope. Some data have been collected by SAKAI (°) showing that the 
B-decay to the second 2* state is specially hindered. We have found the data 
on the f-decay branching to the second 2* state of the near-spherical nuclei 
very uncertain. Any conclusion on this question seems unwarranted at the 
moment, So far as I >!28Xe is concerned, the log ft value for the B-decay 
to the second 2* is slightly higher (!2); our estimate of the log ft value for 
the transition to this state from Cs side shows the same trend. 

So far as the 2620 keV state is concerned, it de-excites by transition to 
440 keV (2*) and perhaps also to the ground (0+) and 970 keV states. Since 
one cannot rule out, from the results of the present work, the presence of a 
240 keV y-ray arising from the transition from the 2820 keV state to the 


(2) N. BENCZER, B. FARELLY, L. KoERTS and C. 8. Wu: Phys. Rev., 101, 1027 
(1956). 
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2620 keV state, it is not quite certain if the 2620 keV state is fed directly 
by the electron-capture decay of 128Cs. If it really turns out that there is no 
electron-capture branching or negligible electron-capture branching to the 
2620 keV state, a spin larger than two and/or odd parity would have to be 
assigned to it. One would then be led to assign a spin and parity of 3- to this 
state and to suppose that this is the first octupole vibrational state of the even 
even nucleus Xe. The energy of this state and the way it de-excites 
itself (1815) are tempting enough to incline one to surmise that the 2620 keV 
state of !°*Xe like the 2600 keV state of 1*Xe (17) may be of the octupole 
vibrational type. Due to the 2615 keV y-ray of natural Th’ background, 
the relative intensity of the 2 620 keV cross-over transition could not be deter- 
mined with any accuracy. Roughly speaking, the ratio of the intensities of 
2620 keV and 2180 keV y-rays is 4:10-*. The Weisskopf estimate of the 
ratio on the supposition that the 2620 keV state is 3- and that the radia- 
tions are pure #3 and £1, is 4-:10-%. It may be pointed out that the intensity 
of the 2180 keV y-ray is about twice that of the 2420 keV y-ray. If the 
240 keV y-ray transition alone feeds the 2620 keV state, its intensity has to 
be comparable to that of the 2420 keV y-ray. It would be hard to reconcile 
this with normal probabilities of y-ray transitions. 

From the end-point of the positron group arising from ground-to-ground 
transition, the total decay-energy of 1°8Cs has been estimated to be 
(3.907 + 0.025) MeV. This fact combined with the electron-capture branching 
to the 2860 state gives a logft for electron-capture transition to this state 
equal to 5. The spin and parity of the 2860 keV state is surmised to be 2*, 
consistent with the relative intensities of y-rays emanating from this state. 

In the end, it may be stated that it has not been possible to account for 
the 1450 keV y-ray appearing in coincidence with both the 440 keV y-ray 
and the annihilation radiation. It seems plausible to us that there may be 
other levels near the 1560 keV level. We have not proposed any, for want 
of better evidence. 


This work was greatly facilitated by Dr. B. SARAF lending to us the use 
of his 20-channel pulse-height analyser, for which we owe him a deep debt 


of gratitude. 


) A. M. LANE and E. D. PENDELBURY: Nucl. Phys., 15, 39 (1960). 
14) B. COHEN: Phys. Rev., 111, 1568 (1958). | 
5) M. Crur and N. S. WALL: Phys. Rev. Lett., 8, 520 (1960). 
) 


and R. VAN LiesHout: Physica, 25, 694 (1959). 
(17) H. G. DEVARE: to be published. 
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RIASSUNTO (*) 


Presentiamo i risultati di uno studio del decadimento del 2.5 min !28Cs, effettuato con 
lospettrometro a raggi 8 e quello a scintillazione. Il diagramma di Fermi dello spettro dei 
positroni, rilevato con lo spettrometro di Siegbahn-Slatis, dà le seguenti energie nei punti 
terminali: (2885 +15) keV (100, log ft 4.8), (2445 + 25) keV (39, log ft 5.1), (1900 + 40) keV 
(<16, log ft=>5.1) e (1800440)keV (<8, logft>4.6). L’analisi degli spettri dei 
raggi y rilevati con spettrometri a scintillazione indica i seguenti raggi y: 168 keV (10), 
270 keV (23), 440 keV (50), 511 keV (200), 970 keV (1.5), 1120 keV (2.1), 1660 keV (0.4), 
2180 keV (0.36), 2420 keV (0.2). Con l’ausilio di questi dati e di studi sulle coincidenze 
Bt-y e y-y, si suggeriscono i seguenti livelli del 1?8Xe: stato fondamentale (0*), 


UTO 


440 keV (2*), 970 keV (2+), 1569 keV (C+ o 2+) (tutti alimentati da cattura di positoni 
ed elettroni), 2620 keV (fase 37) e 2860 keV (2*) alimentati solo da catture di elet- 
troni. Pensiamo che lo stato a 2620 keV possa essere il primo livello vibrazionale 
ottopolare. 


(*) Traduzione a cura della Redazione. 
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Vapour Pressure of Isotopic Liquids. 


III. — Some Corrections to Previous Papers. 


G. Boato, G. Casanova, G. SCOLES and M. E. VALLAURI 


Istituto di Fisica dell Universita - Genova 
Istituto Nazionale di Fisica Nucleare - Sezione di Genova 


(ricevuto il 3 Dicembre 1960) 


Summary. — Some mistakes contained in our previous papers in the 
derivation of In p,/p, from the measured « are pointed out. As a con- 
sequence, the claimed linear dipendence of ln p,/p, on 1/7 for argon 
and neon is to be questioned. The corrected results agree with the meas- 
urements by RotH and BIGELEISEN, carried out on liquid neon by a 
direct method. 


1. — As pointed out in the « Note added in proof» of our paper on Ne 
and A above boiling-point (*) a pretty large discrepancy was noted between 
our data and those by ROTH and BIGELEISEN (?). The main reason for the 
disagreement is due, as pointed out by Dr. BIGELEISEN, to a trivial mistake in 
sign. The formula at the end of page 513 of II ought to be written 


1 Lae IA du PDAs Ps) 
pee TD PTS 


(*) From now on, our previous papers (7+?) on vapour pressure of isotopic liquids 
will be denoted by I and II. 

(1) G. Boato, G. SccLes and M. E. VALLAURI: Nuovo Cimento, 14, 

(2) G. Boaro, G. Casanova and M. E. VALLAURI: Nuovo Cimento, 16, 

(3) E. G. Rorm and J. BIGFLEISEN: Journ. Chem. Phys, 32, 612 (1960 


35 (1959). 
05 (1960). 
ii 


= 
/ 
F 
19) 
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as can be immediately seen from the preceding formula. Moreover we have 
found some other small errors in the evaluation of the corrections, as explained 


below. 


2. The approximate equations derived from formula (6) of II are not 
exactly valid in our experimental conditions. The correct relationship between 
Ina and In (p,jp,) to be applied is found to be, at a very good approximation, 
the following: 

Pa DBA) 
1 Inaezlo=\l14= = è 
(1) ne n + RT 


B 


In 220) : 
40 ae 
a 
o 
Se 
° È 
Di : 
o 
° 
lo) 
8 
HI 
o 
(o) 
8 
4.0 ci 
o 
o 
8 
o 
3.0 
8 o 
(o) 2 
| DI je Ma; IL 1 aa 
VW Ter 0.7 0.8 0.9 1.0 1.1 12 


10 se) LR a AR BIS ae 
Fig. 1. Ï lot of corrected results for argon. In this figure and the following ones the 
ordinate axis has been shifted in order to get a better resolution of the points 
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where V, is the molar volume of the liquid, p is the total pressure of mixture, 
and C'=— B?/RT. 


À 


5.0L In 2%x102 
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Fig. 2. — Plot of corrected results for neon vs. 1/1 (e). For comparison the results of 
Krrsom and HAANTJES (+) and ROTH and BIGELEISEN (0) are given. 


Owing mainly to the non-ideality of the vapour, the corrective factor within 
parentheses differs from unity by more than one percent in 0 cases, pe 
at temperatures below boiling-point. For instance, the corrective fachor is 
1.02 for argon at triple-point and increases with increasing temperature. Since 
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our experimental errors are of the order of the percent on the In a, or better, 
the identification of In « with In (p,/p,) is never rigorously valid, as assumed 
(ORIO FRENO Man din Iron 


A a? 
50 In rit 
P22 
A 8 
8 
+6 
8 
4.0 18 
8 
. a 
off 
é 
gole È 
E 
2.0} 
5 2 4 
— I ! F 1/T x10 d 
1/ Ter 10 15 


Fig. 3. = Plot of results for dg E : 
3 neon vs. 1/72. o RorH and BiGELEISEN: © this paper. 


~ 


à a the case of peo the terms in V, and ©’ must be taken into account, 
which was not done in II. When formula (1) is applied, the final results for 
ì ì i i 
In (p,/p,) are somewhat changed, particularly at the highest temperatures 
The new results are shown in Tables T and IT for argon and neon respectively 
Plots of the results vs. 1/7 £ 2 ine | se 
N ) 35 a YO and — are $ I 6 
/ 1/T? are shown in Fig. 1, 2 and 3. 
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TABLE I — Corrected results for argon. 


Paper I Paper II 
Sample TG) In(P36/P40) * 10%! | Sample | TAO); In(Ps/Pxo) 108! 
= | - EE EA | 
À 25 | 6.8. | 401 5.6 
A 36 84.4 | 6.8; || 402 5.5, 
A 37 | ON | 403 93.0 5A 
= — 404 5.4 
À 21 62: eee ts ER QT 
| A.23 | 6.6; | 301 4.6 
| A24 85.5 6.4, | 302 oe 4.4, 
A 34 | 6.6. Lee oles 5 NR 
A 35 6.55 || 201 105150) 4.0; 
| 
AA? | 6.2 | | 405 4.3; 
A13 GA || 406 105 SS; 
A 14 6.3 ES ei al sl 
A 15 70 6.5 | | 303 | | 3.8 
Ii | 6.3 | 304 ica 3.4 
A 32 | 6.4 LE | 2 23 
4830 6.2 |} 407 ia 
= = “a 408 113.0 3.25 
Paper II | 409 Bali, 
Sample TCS) In(Pa6/Da0) 10°, 305 9.7. 
7 EE | e | 306 ee 2.4, 
101 | Gis ——|- a 
102 6.0; | | 410 Balle 
103 È 6.0, 411 118.7 2.7 
104 5.7; 412 | 2.6; 


3. — When the above corrections are made the agreement between our 
measurements and those by ROTH and BIGELEISEN for liquid neon is com- 
pletely satisfactory. In fact, the results coincide within the errors of measure- 
ments, that is within some permil on the In (p,/p,). We may now be defi- 
nitely confident that no systematic error is present in our measurements, at 
least in the low temperature range. 

It appears also that our method of measurement (static determination of x) 
is completely equivalent to the direct but troublesome comparison of vapour 


pressure of the pure isotopes (*). In the high temperature range, the correction 


(*) Recent measurements on liquid O, and N, (to be published shortly), show again 
very good agreement with measurements by the direct method; the discrepancies 
found in I have practically disappeared. 
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TaBLe II. — Corrected results for neon. | 
———n i i Î = = = = f i = j 
| Sample | T(°K) | In(pPs0/Pso) 10°) Sample | TGS) | In(P20/P:2) * 10 
| | Zz oe Al ake oe ve pren 2 
| | 71 | 402 | | 3.52 
101 4 i | | aa | we 
102 24.8 4.68 | 403 | 28.74 2. 
103 4.65 404 | 3.42 
| | 
= Le | È a | — 
201 | 468 | 303 3021 | 313 | 
202 25.02 4.64 | | — — - - - = 
203 4.61 501 3.14 
= = 502 > | 3.11 
| i 30.6 | pra 
104 | 25.8 4.33 503 | 3.08 
— = — | 504 | 3.07 
204 È 4.35 | SALE n 2 
205 ae 431 | 601 | 33.06 2.58 
| | PILA a 22. n 7 
| == = = EL fine 
| 105 3.99 304 oe. 2.61 
È È SL, re 
106 26.8 3.99 | 305 2.60 
107 3.96 | pe È 
= — =, 602 | 35.15 | 2.14 
Lat 256 3.99 Le ee 
| 207 27.01 3.98 €03 | sn 1 74 
208 3.96 €04 | 1.74 
| - — — — - - -- - —-__- - — | 
301 ve 3.67 | 505 1.60 
302 Pise 3.65 | 508 ; 1.60 
SES 38.58 | Le 
= e —— | 507 | 1.55 
401 28.74 3.58 | 508 Rol 


to the measured 0’s coming from formula (5) of II and from formula (1) of 
this paper are so large that it is difficult to avoid some unpredictable system- 
atic error. 

As a consequence of the mistakes, our tentative conclusions (see II, end of 
page 515), concerning: 1) the linear dependence of In (p,/p,) on 1/T in the 
whole range of existence of the liquid, 2) the vanishing of In (p,/p,) at the 
critical point, must be dropped out. These findings were due to a fortuitous 
cireumstance and in fact they were difficult to justify theoretically. 

The present plots show that a non-vanishing effect is present at the critical 
point as it is expected from the quantum theorem of corresponding states (*). 
As far as the temperature dependence is concerned, no definite conclusion can 
be easily derived from present data. However Fig. 3 seems to suggest, for 


(4) G. Boato and G. Casanova: Physica, in print. 
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© 
I 


neon, a linear dependence of In p,/p, on 1/7? rather than 1/7, as pointed 
out to us by Dr. BIGELEISEN (5). A dependence on 1/7? may be justified by 
the general theory of small quantum effects (5), but it is not clear how well 
this theory can be applied to the liquid state. 


(°) J. BIGELEISEN: private communication. 
(°) K. F. HerzreLD and E. TELLER: Phys. Rev., 54, 912 (1938). 


RIASSUNTO 


Un errore di segno e un errore di calcolo nella deduzione di In p,/p, del fattore 
di frazionamento x, da noi precedentemente misurato per l’argon e il neon liquidi, 
pongono in discussione la dipendenza lineare di ln p,/p, da 1/7 da noi postulata 
nel precedente lavoro. D'altra parte i risultati così corretti concordano perfettamente 
con quelli di RorH e BIGELEISEN, ottenuti per il neon con un metodo di misura comple- 
tamente diverso. 
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(ricevuto il 6 Dicembre 1960) 


Summary. — Energy spectra of deuterons from (n, d) reaction on elements 
belonging to the f; proton shell are presented. Deuteron peaks corre- 
sponding to the fundamental and some excited levels of the residual nucleus 
are brought into evidence. A comparison between relative experimental 
intensities of ground state transitions, and those predicted on the basis 
of the shell model hypothesis and the Butler’s pick-up mechanism for 
the n, d reaction is made. The agreement found is rather satisfactory. 


1. — Introduction. 


The proton configuration of the nuclides SGEN, MC ** He. eh oe eet me. 
#Co, Ni, Ni in the shell model description with j-) coupling can be re- 
presented with the symbol (f:)", where n is the number of protons which are 
found in the shell model orbit with angular momentum 1=3 and total 
angular momentum j= 7/2. All the other protons are bound in a core formed 
by the completely filled orbits and ending with the 20-th proton. 
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In this description, the first of these nuclides, “Sc, initiates the f: orbit 
with one proton, and the two nickel isotopes have 8 f, protons, that is have 
this orbit completely filled. | 

If we consider the behaviour of these nuclei in a (n, d) pick-up reaction, we 
can predict that many similarities will be found. 

The (n, d) pick-up reaction is indeed a direct process, where a proton is 
taken out from the nucleus by an incident neutron to form a deuteron, which 
is emitted as the final product of the reaction. 

The behaviour of this reaction is therefore completely determined by the 
condition in which the proton is found. Consequently a comparison of the 
deuteron energy spectra, obtained from these nuclei under neutron bombard- 
ment seems to be particularly interesting. 

Let us first consider the deuterons emitted in the reaction leading to the 
ground state of the final nucleus. 

These deuterons certainly correspond to having picked-up one of the less 
bound protons from the initial nucleus, that is in our case an fi proton. 

Following the description of the pick-up reaction as given by BUTLER (!), 
in this case we have an angular momentum transfer 1 — 3 due to the fact that 
we have taken out from the nucleus just a proton with angular momentum 
[= 3. 

As the transferred angular momentum determines the angular distribution 
of the reaction products, we expect for the deuterons belonging to the maximum 
energy peak an angular distribution very similar in all the nuclei, as it can be 
calculated by means of Butler’s theory. 

This must hold for all the nuclei here discussed. It is to be stressed that 


the preceeding discussion is valid if the two following points are valid: 


1) the nuclei considered can be exactly described by means of the shell 
model with j-j coupling, 


dl 


2) the reaction mechanism is the pick-up as described by Butler’s 


theory. 


A study of (n, d) reactions leading to the ground state of the final nucleus 
on the elements discussed above allows us to test the validity of these two 


assumptions. 
The study of the deuteron energy distribution is very interesting, with the 
aim to see the contribution to the reaction coming from the different excited 


states of the residual nucleus. 


(1) ST. Burter and O. H. Hirrmair: Nuclear Stripping Reactions (New York, 
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2. — Experimental apparatus. 


The technique used for deuteron detection is the same described in some 


previous work (°°). 


All the measurements described in the following have 


been taken at an angle for deuteron emission of about 14°, in respect to the 
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Fig. 1. — Deuteron energy spectrum from 
‘Sc. The deuteron energy (upper scale) 
and residual nucleus excitation energy 
(lower scale) are shown on the abscissae. 
On the ordinate is shown the cross- 
section in mb/sterad MeV. 


incident neutron beam. The angular 
aperture was of about 28°, the neu- 
tron energy 14 MeV. 
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Fig. 2. — Deuteron energy spectrum 
from ®V. 


The energy res ion is of : BA 7 i 
ae DI re pole On is of about 5% at 10 MeV and 30% at 3 MeV mainly 
ue to the thickness of the target. The calibration of the deuteron energy scale 
and of the absolute value of the cross-section is made by means of recoil deute- 
rons obtained from a thin layer of deuterated paraffin 
The deuteron energy spectra obtained in our measurements are shown in 


the figures from 1 to 9. 


(i 


14, (1959). 


AES à NGA ee Rae 
si G. Morea: M. DONA and M. PIGNANELLI: Nuovo Cimento, 10, 155 (1958). 
(3) L. Corti, F. CveLBAR, S. MicnELETTI and M. PIGNANELLI: Nuovo Cimento, 
1220 i 
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On the horizontal axis, two energy scales are shown: the kinetic energy 
of emitted deuterons in c.m., and the excitation energy of the residual 
nucleus. 

The vertical axis gives the ab- 
solute value of the cross-section. 
The spectrum of the **Mn(n, d)54Cr 
reaction has been included, which 
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When the mass data (4) are known with small errors, we found a good 
agreement between the calculated maximum deuteron energy and our results. 
This fact shows that our energy scale is rather precise, and allows us to give 


a more precise @ value for other cases and correct it to a higher value for two 
cases (Mn and Ni). 


3. — Discussion. 


The results here presented give evidence of a number of characteristic 
features of the (n, d) reaction. 


As to the spectrum shape, it can be noted that: 


1) in many cases, the contribution to the reaction of maximum energy 
deuterons is predominant, that is the residual nucleus has a relatively 
high probability to be left in the fundamental state, 


2) the residual nucleus excited states appear in the spectra with different 
intensities, which shows that the reaction mechanism makes a se- 
lection on the states of the residual nucleus. 


It is particular interesting a peak at — 3 MeV of excitation energy in 5 
ot the studied spectra (Co, **Mn, 51V, 5*Fe, NI). 

We can, at first sight, divide the nine spectra in two classes, depending 
on the proton number. The spectra obtained from an initial nucleus with an 
even proton number (Cr, Fe, Ni) have generally a rather big cross-section for 
the maximum energy deuteron peak, while those obtained from nuclei with 
an odd proton number (Sc, V, Mn, Co) have the corresponding cross-section 
much smaller. 

We want to analyze this point in more detail. The quantity related to the 
nuclear structure that can be deduced from the pick-up cross-section is the 
«reduced width» belonging to the transition considered. 

The «reduced width » can be easily calculated using the formula given by 
Macfarlane and French (°) 


do A? (E) ‘oe; 
Sa ire 
1) do (At SE OYE OL EE 


where do/dw is the differential cross-section at a fixed angle, A the mass of 
the residual nucleus, Z, and H, the kinetic energy of the deuteron and of the 


(4) A. H. WAPSTRA: Physica, 71, 367 (1955); H.E. DuckxwortH: Prog. Nucl. Phys. 


6, 155 (1957). ae 
(5) M. H. MacrarLane and J. B. FRENCH: Rev. Mod. Phys., 38, 567 (1960). 
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neutron involved, al,, a function containing the entire angular dependence, 
tabulated by LuBITZ (°), 7) the interaction radius and 62 the reduced width. 

In the case, of deuteron peak corresponding to ground state transition as 
it was discussed above, the expected transferred angular momentum ig l= 3: 
A recent measurement made on the maximum energy deuteron peak of 
51V(n, d)°Ti by CINDRO et al. (7) confirms this point. 

Therefore, we know that at our angle of measurement, the value of 
o(l= 3) is very small, about 1/10 or less of its value at maximum, which 
should be found at about 40°. 

Moreover, any deviation from the strictly considered Butler’s theory, like 
the effect of wave distortion for the incident and outgoing particle due to the 
interaction with the nuclear potential can change the value of 03, at this 
angle by an appreciable quantity. 

Therefore, as we have not yet measured the deuteron angular distribution, 
in extracting the reduced widths from the cross-sections we must make the 
hypothesis that deuterons have strictly an angular distribution as given by 
Butler’s theory. The only correction that we are able to do is the one due 
to the Coulomb interaction, which is easily taken into account, in the case 
of a (n, d) reaction. 

This fact does not encourage us to give much meaning to the values of 
the reduced width calculated from the formula (1). 

Due to that, we will leave any consideration about the absolute value of 
the reduced width to the moment when the deuteron angular distribution 
will be known, and will restrict ourselves to a relative comparison of the re- 
duced widths belonging to the ground state transitions for the different nuclei. 

To understand the meaning of the reduced width, we will follow Mac- 
FARLANE and FRENCH, and, using their notation, divide the « reduced width » 62 
in two factors: 

0=,80, 
where 07 is the « single particle reduced width » and S is called the « Spectroscopic 
factor i 0 gives the probability for a nucleon in a potential well to come out, 
and 8 is ui: probability that the initial state be similar to the final state, 
that is with DIC particle separated by the others in a single particle state. 

On the basis of the shell model with jj coupling scheme, the spectroscopic 
factor S has been calculated, with the introduction of the coefficients of frac- 
tional parentage. 


(5) ©. R. Lugirz: Numerical Table of Butler-Born A imati 
Ma; À heer - ) ro rimalion, ibo- 
ratory of Michigan University (1957). e 
(7) N. C. Cinpo, I. SLAUS and P. Tuomas: private communication and work pre- 

sented to the Annual Conference of the S.I.F. (Naples, Sept. 1960) 
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This is greatly simplified if we can ignore the neutron group, calculating 
the reduced width for n protons in the f, shell. This simplification can cer- 
tainly be done for all the considered nuclei (except ‘Sc), because all of them 
have a neutron configuration with the f, orbit completely filled, and, in this 
situation the neutrons do not affect proton emission. 

For ‘Se this argument is not valid, because the f, orbit for neutrons is 
not filled, but we will disregard neutrons all the same, in view of the great 
simplification. 

In the hypothesis discussed above, the spectroscopic factor S corresponding 
to the transition n -+n—1, where n is the number of protons in the last 
shell in the initial nucleus is given by the simple formulas: 


Sin >n—1)=n if n is even, 


(II) n—-1 


g I I pa if n is odd. 
Snon ) D pere if n is ode 


In our cases, for n varying from 1 to 8 we have 


Reduced widths calculated from the formula (1) can be compared with 
these numbers in relative values. 

Before doing so, we must discuss still one parameter of the formula (I) 
that is the interaction radius 7. 

The measurements of angular distribution of deuterons from 5!V(n, d) 
show an interaction radius in agreement with the formula 


(III) r = (1.22.4* + 1.7)-10- cm. 


Some stripping experiments on the nuclei 5V and 5Cr and #Ti show a 
radius also in agreement with this formula (8). This is not true for 5°Co, for 
which a much smaller radius is found (°). 

In a very recent experiment on (p, p’) scattering with excitation of collec- 
tive states of the residual nucleus, an interaction radius is found which is some- 
what smaller for nuclei near the closed shells than for the one far from them (!°). 


(8) A. W. DALTON, A. Krrx. G. Parry and H. D. Scott: Proc. Phys. Soc., 78, 
95 (1960); EL BepEw1-Tapros: Nucl. Phys., 8, 71 (1958); A. J. Ezwyx and F. B. 
SHRILL: Phys. Rev., 111, 925 (1958). 

(9) EL BepEWI-TADROS: Nuel. Phys., 8, 79 (1958). 

(19) H. FARAGGI: private communication and work presented to the Annual Con- 
ference of the S.I.F. (Naples, Sept. 1960). 


1413 


102 L. COLLI, I. IORI, S. MICHELETTI and M. PIGNANELLI 


The last consideration seem to suggest the use of smaller interaction radius 
for the nuclei Co and Ni, that are indeed very near to closed shell (Co) or 
closed shell nuclei (Ni). 

The results of the calculation of the reduced width is shown in Table I. 
Here the following quantity are shown, all referring to the maximum energy 
deuteron peak: Q-value, cross-section value, ro value as given by the for- 
mula (III) theoretical value of the spectroscopic factor S and experimental 
value of S relative to the #Fe value, which is put equal to 6. 


TABLE I. 
Element Q(MeV) 6(14°) mb/st r, (fermi) | ISTE Ser 
158€ = <0.30 6.01 1 0.29 
51V — 5.88+0.15 0.48+10% | 6.19 0.75 0.72 
520r — 8.42+0.15 TESO. ea 4 3.85 
55Mn —6.31-:0.20 0.35+20% | 6.31 0.5 0.59 
54Fe —- 6.65+0.15 2.44+10% | 6.29 In 26 6 
56Fe = 7-93-2005 1.15+10% | 6.34 6 3.25 
59Co = 0.15+30% | 6.42(5.65) 0.25 0.15(0.25) 
58Ni — 5.95+0.15 2.84+10% | 6.40(5.65) | 8 3.59(8) 
CONG 740-2010 1.90+10% | 6.45(5.65) | 8 5.15(9.15) 


The agreement between theoretical and experimental values is rather good, 
for the nuclei 51V, 52Cr, 55Mn, *4Fe; to bring in agreement the experimental 
and the theoretical value of S for Co and the two Ni we could choose a 
smaller radius, following what said above: indeed with a radius ry) = 5.65 
these three nuclei give respectively the value S= 0.25, 8, 9.15. The other 
two nuclei ‘Sc and 5Fe have both too small experimental S value, relative 
to *4Fe. In the case of Sc, the explanation can probably be found in the fact 
that we have not used isotopic spin formalism. For the Fe it must be noted 
that the final nucleus of this reaction is 55Mn, that is a nucleus with spin 3 
in the ground state. 

This anomalous spin value shows that this nucleus is not correctly inter- 
preted on the basis of shell model with jj coupling, because this predicts 7/2. 

Due to this anomaly, the transition in question cannot be considered like 
a transition between single particle shell model states, and this certainly reduces 
the transition probability. 

The same nucleus is involved in the reaction 55Mn(n, d)*4Cr, now being the 
initial nucleus. This case must therefore be considered with care, even if it 
seems to show agreement. 

In conclusion, the relative reduced widths as deduced by our results seem 
to show that at least a qualitative agreement exists between the prediction 
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of the shell model and the (n, d) results. To go deeper in the analysis, the 
deuteron angular distribution is needed. 


* > > 


We gladly thank Prof. A. AGoDI for the very interesting discussions on 
this subject. 


RIASSUNTO 


Sono presenti gli spettri di energia dei deutoni emessi dagli elementi i cui ultimi 
protoni appartengono alla shell fz. Vengono messi in evidenza picchi di deutoni cor- 
rispondenti alle transizioni che conducono sia allo stato fondamentale del nucleo 
residuo che ad alcuni stati eccitati. Viene fatto un confronto tra le intensità delle 
transizioni allo stato fondamentale trovate sperimentalmente e quelle calcolate in base 
alle ipotesi che la reazione avvenga per mezzo di un meccanismo di pick-up e che i 
nuclei interessati siano descrivibili in base al modello a shell. L’accordo è abbastanza 
soddisfacente. 
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On Plasma Oscillations 
with Special Emphasis on the Landau Damping 
and the Gross Gaps in the Frequency Spectrum. 


A. KiILDAL 


University of Bergen - Bergen 


(ricevuto il 17 Dicembre 1960) 


Summary. — A linear theory of oscillations of the form exp [i(k-r — ot) 
in a collision-free electron plasma in an external magnetic field H, is given. 
The theory is based on the equations of motion for each particle. Only 
the case k +0 is studied and the singularities which then appear, are 
treated with the use of 6-functions. Expressions for the perturbation $v 
of the electron velocity are found. By a Taylor expansion in $v the 
perturbation of the distribution function is evaluated and the density 
perturbation N, as well. The last quantity also satisfies the divergence equa- 
tion. On elimination, a dispersion equation is obtained. In the case k)H,, 
electrons with velocity equal to the phase velocity experience a constant 
electric field. Being thus accelerated, they deprive the field of its energy. 
This resonance absorption is calculated and the accompanying damping 
agrees with the Landau damping. Next the frequency gaps which appear 
in the case k-H, = 0 are studied. 


1. — Introduction. 


In recent years there has appeared a lot of papers treating oscillations in 
an unbounded, quasi-neutral electron-plasma with, or without external fields. 
In some of the papers the hydromagnetic approximation is taken into use, 
which together with the equations of Maxwell constitutes a full set of equa- 
tions for the determination of quantities of interest. This method, however 
has its flaws as compared to another method of description, namely the use 
of Boltzmann’s kinetic equation together with the equations of Maxwell. 

Especially, when short-range collisions are neglected, the last method pre- 
dicts effects which the former fails to do. Examples are the Landau damping 
and the Gross gaps, the last effect appearing only in the presence of an external 
magnetic field H,. Later in this paper we shall point out the reason why 
these effects do not appear in the hydrodynamic description. 
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When studying pure longitudinal electron oscillations in a collision-free, un- 
magnetized plasma, one arrives at a dispersion equation in the form of a sin- 
gular integral 


AneN, [ fo) 
T bs i ni : 
( ) mk? | rete w/k dv 


—o 


Here m, —e, and N, are the mass, charge and equilibrium density of electrons, 
k, © = wave number and wave frequency, f,(v) = distribution function for the 
electrons in equilibrium. 

We see from (I) that the integral is not defined since the integrand turns 
to infinity when v — «/k and f((0/k) 40. The physical and mathematical 
reason for the singularity as well as the treatment of the integral have been 
much discussed by different authors. 

VLASOV (!) which first derived the relation (I) as a result of assuming 
wave solutions of the form exp [i(&x — wt)] in Boltzmann’s equation, decreed 
that the principal value should be taken. ‘He did not, however, give any 
reason for this procedure. 

LANDAU (?) claimed that the substitution method was not valid for the 
problem in question, and subjected instead the Boltzmann’s equation to a 
Laplace transform. LANDAU arrived at the same dispersion equation as that 
found by VLASOV except for a change in the integration path, a consequence 
of which was a damping of the waves. This damping is small for small wave 
numbers k, but increases with increasing k. 

Boum and Gross (3) in their papers are of the opinion that the linear 
treatment can’t be used when electrons with velocity ©/k are present, and 
put f,(v) = 0 in an interval around v= w/k. 

VAN KAMPEN (*) finds this procedure unsatisfactory from a mathematical 
point of view and asserts that the singularity is of mathematical origin and 
will disappear when treated properly. He further disagrees with LANDAU on 
the validity of the substitution method, and shows that this method leads 
to the same result as found previously by LANDAU. 

The above mentioned papers are only a few of the many publications which 
have appeared on plasma oscillations. The subject has also been treated in 
some recently published books. As concerns the physical reason, there is 
still some discussion and disagreement. There seem to be three different opin- 


(1) A. A. Vuasov: Zurn. Éksp. Teor. Fiz., 9, 25 (1945). 
(2) L. Lanpau: Zurn. Éksp. Teor. Fiz., 10, 25 (1946). 
(8) D. Boum and E. P. Gross: Phys. Rev., 75, 1851 (1949). 
(4) N. G. van KAMPEN: Physica, 21, 949 (1955). 
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ions of the physical cause of Landau damping, stating that it is due 


1) to trapped electrons, 
2) to phase mixing (diffusion damping), 
3) to a resonance phenomenon. 


In the present paper, the theory of plasma oscillations will be treated by 
help of a «particle description », thus using Newton’s second law for each par- 
ticle. We further assume solutions of the form exp[i(ke— wt)], where x 
is the direction of propagation. We will show that our results are in confor- 
mity with the results of LANDAU and VAN KAMPEN. From a mathematical point 
of view, the present method is rather simple and unveils the physical reason 
for the Landau damping as being due to just those electrons having a ve- 
locity equal to the phase velocity of the wave. In the present author’s opin- 
ion, the cause of the damping is a resonance phenomenon, and the third cathe- 
gory is thus supported. 

The same mathematical method is also used to describe another phenom- 
enon, namely gaps in the frequency spectrum first found by Gross (°). 
These gaps are probably also due to a kind of resonance phenomenon, and 
are together with the Landau damping an effect which can be fully explained 
only by a non-linear theory. 

BERNSTEIN (°) extended the theory of Gross to the case of arbitrary 
propagation direction and arrived at the same results as GROSS when going to 
the limit of wave propagation transverse to the external magnetic field Ho, 
which is the case treated by Gross. 

As there recently (OSTER, (’)) have been risen certain objections against 
the results of Gross, we shall give some comments on this effect as well. 


2. — The equations of motion and their solution. 


The physical conditions are: an unbounded quasi-neutral plasma, con- 
sisting of single-charged electrons and ions, embedded in an external, homo- 
geneous and constant magnetic field H,. As usual, because of their much 
greater mass, the ions will be considered motionless. 

We assume that there has come into existence a small electric field, the 


cause of which is a perturbation of the neutrality. The equation of motion 
for the electron is 


(1) mF = — eB roc He 
c 
(5) E. P. Gross: Phys. Rev., 82, 232 (1951). 


(5) I. B. BERNSTEIN: Phys. Rev., 109, 10 (1958). 
(7) L. OsTER: Rev. Mod. Phys., 32, 141 (1960). 
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or in component form 


(2a) Ro He 0,94 
m 

(2b) EES, 
mM 

(2c) NUE? 


Here —e= electron charge, m= electron mass, w,=eH,/me is the cyclotron 
frequency, E the electric field, and r the 
position-vector. The direction of H, is 
along the z-axis. Let us assume a wave 
motion of the form 


(3) E=E, exp [i(k + ke — ot)], 
where the wave number is k= Vk? + k?. 
The direction of propagation may be given 
by 

ky 
(4) 6 = arctg i 


We introduce Lagrangian co-ordinates by 
writing 


(5a) = Ke MCD ET; 
(5b) y=Yytrsng+y. 
(be) 8 = & + Vo Se 


Here y, n, &, are disturbances due to E, vis the unperturbed velocity of ane 
electron in the ¢-direction, t= time, y= q@+ct, Loy Yor % Yo are initial 
quantities and r= gyration radius in equilibrium. 

We introduce (5) into (2) and get the following equations: 


e 
(6a) D(Dy) + @(Dn) = — 7 Be 
e d 
(6D) — o,Dy + D(Dn)= — i Bas D= ai 
€ 
(60) D(Dt) = — E. 


1419 


Ne as 


108 A. KILDAL 


The two first eq. (6a) and (6b) are independent of the third (6c), and give when 
using Cramers’ rule symbolically 


Hi wi | D E, | 
a BD e|—o, Eyl 
(7) i m| D We ox iD, Wc | 
==, ID = Di 1; | 
or 
(8) (D+ 03) Dy = — — (DE, — o.Ey) ; 
(9) D+ 03) Dn = —— (DE, + 0.8.) . 


We now make the assumption that the quantities y, 7, £ are small com- 
pared to the wave-length: 
À 276 
pn KA ni ou 
which has the effect of linearization. When taking this assumption into ac- 
count, and using eq. (5) in eq. (3), we get in a first-order approximation 


(10) E = E exp [i{(kito + kx) + kyr cosp + (k20,0 —w)t}] . 
To enable ourselves to integrate the differential eq. (6e), (8) and (9) when 
the expression (10) for E is inserted, we introduce the series expansion 


(11) exp [kyr cos p] = Y i"J, (kyr) exp [ing], 


—co 


where J,(kr) are Bessel functions of the first kind and of the n-th order. 
The differential equations to be solved then become 


€ 9 2 (2 4 co x 
(12) (D? + w;)Dy = — np Lik: ro] 2 i" exp linplZ, (kr) 


. hi oY NY AO 7 a . 
[Eoxi(N0, + ko, — D) Eyo.] exp li(no, + kyo. — ot] ; 


2 Anne CRETE 1X; . 
ES) LAH Oe) Dp =— exp [ikea] Z i" exp [ing] Inbar) 


2 [Boo af Enno, E kx Vox = w) | exp li(no, + ko: — w)t] , 
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€ foo} 
(14) D(Dt)= — EP lik-ro] > "In (kyr) exp [ino] Bs: 
‘exp [ina + kb: — Ot], ker, = hy, % + ke. 


For the sake of convenience, we write the eq. (12)-(14) as follows: 


(15a) (D? + wf) Dy = > a, exp [t(nw, + ko: — w)t] , 
(155) (D? + w*)Dn = > b, exp [t(nw, + km, — Hi], 
(15c) (D)DE = > ¢, exp [i(nw, + ke%.— OY] . 


The solution of (15a) and (15b) is given by 


t t 
D 3 } : ~ An ; 
(16) a = exp fi) [exp [— 2iw,t]at} > : exp[il(n+ 1)o.+kv.—o]t]dt . 


The solution of (15c) is given by 
t 


(17) DE =| > c, exp [i(nw, + ker),— w)t] dt. 


What we have found here in integral form, are the perturbations in the %,, 

v, and v, components of the electron velocities, a result of some interest. If the 

electrons in equilibrium are distributed according to some distribution function 

fo(v), its perturbation due to the perturbing electric field is given to first order by 
© 


Cfo _ Oo fo 
— Dn 4 D 
h OVox DIA Oo; ie Ooz c; 


(18) 


in a Taylor expansion. 
From the maxwellian electromagnetic equations, we can derive the fol- 


lowing equation 
È 10E 4n09J 
(9) ISTAT, e de ed 


J=— eff fete ©, 1) dv, dv, dv, , 


and where f, is given by (18). 


where 
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From the three-component eq. (19), a fairly general dispersion equation 


for the coupled wave motion may be obtained. Instead of deriving a such 
general dispersion equation, we shall make some successive assumptions. 


3. — Pure longitudinal oscillations. 


It can easily be verified that when %,= 0, E, and E, are independent of 
E, and may be put equal to zero. Consequently Dy= Dy= 0. In this case 
it is sufficient to study eq. (14) only, 


(20)  D(DE) = — = Bo; S inJ,(k,7) exp [ikr, + ings] exp Lino + kat: — ©)f] - 


When k,=0, 
Jn = 0 Jo = 1 n=+1, + 2, .….). 
This yields 
e 
(21) D(Dl) = — To. exp [ik:20] exp [i(Kx00 — w)t] - 
One integration yields 
(22) DE = — È E, exp [ik] =P [ate — Nt] 


DICARDA — ©) à 
when 4,0%, < ©. 


When k,%:— © — 0, we shall write the solution of (21) as 


Ti 
5 O E n avo 
(23) ee Ey, EXP like]: Him o [exp [as Vo; — w)t] dt = 
=r 


(ae 
= — — Ey, exp [hye] 2.5 (Ixy, — @) - 


The factor } in front of the integral is due to the fact that the integration is. 
performed over a double infinity range. 


Combining this result with (22), we may write for the perturbation DE 


È ARE 
Q4A\ DC =— —— fl. exp like exp [t(ky%,— w)t] ; 
( ) 6 Ten oz EXP [dk Xp | P = i ae + Ô(KaVoz — w) 5 

where P stands for principal value and the meaning is the same as suggested 


by eq. (22). Since in eq. (18) the perturbations Dy and Dn equal zero in the 
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pure longitudinal case, the perturbation in the distribution function is given by 


lo 
ifn — li “DO 
Voz 
(25) Of, 1 exp [i(k t) | 
A ole x foe — © Res se i aaa 
p= a VE OP. ea t+ mt exp [14:20] 0 (k:00. — w)| . 


Since f, has a singularity for %,— ©/k,, we know a priori that this linear 
treatment is non-valid. Since, however, the distribution function is used for 
evaluating mean values as temperature, mean velocity, density, etc., we shall 
see that finite values for these quantities can be found. This is possible since 
the integral of d(k,v—@) over velocity space is finite. Let us evaluate the 
perturbation in electron density as an example. It is given by 


(26) N, Si Vox dVoy do: = fi te) duo ; 


— 09 


where 
i Il Tr doa Voy + 
By the use of (25), we obtain for N, 
ie fo(Voz) rd oO 
927 Vila PES A 3 he | Tri na 
(27) o E RU don, + rif (2) 


If we equal this expression for N, to 


L 
N, = —— E, 
aa oe di 


obtained from dH,/dz= 4xeN,, we arrive at the following dispersion equation: 


tn (Leto Go it (£) 
(28) = E = dv, + tifo male 


a/ 


co 


where w may be real as well as complex. 

This equation which forms the basis for investigations of wave propagation, 
will now be studied in the case 4, —0. We assume a priori that w'/k?= 
= Re (w)/k? + co and that y/k? =— Im (w)/k, > 0. 
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By a series expansion in w/k, we arrive at equations which may be 
solved by the method of successive approximations. Up to first order in y/k, 


the results are 


xT Wim 
(29) o* =0,+3—k, — TXT, IACALOE 


Here x= Boltzmann’s constant, 7= temperature, w, — plasma frequency and 


m \t M 2 
NOA TRE (a) exp | 3x7 ci i 


The first of the eq. (29) is the result of VLASOV (1), and the second is the 
damping factor first calculated by LANDAU (?). The latter is a direct conse- 
quence of the second term of the right-hand side of eq. (28), which in turn 
is due to the singular solution DÈ given by eq. (24). 

From eq. (21) we see that electrons having a zero-order velocity vv: = ©'/ks 
will in our linear treatment experience an electric field which is constant in 
space. A consequence of this is a constant acceleration of the particles with 
velocities around w’/k,, and we may suspect that these electrons will deprive 
the electric field of its energy, which then becomes damped. In the next 
section, we shall justify this suspicion. 


4. — Calculation of the energy absorption. 


An expression for the mean value in space and time of the energy absorption 
of the electrons is 
foe} 
(30) AA = far Foy e)Ev) , 


te! 


where < > indicates mean value in time. The bar indicates mean value in space, 
E=E, and v =v, must be real. We also write k = a 
By a Taylor expansion we may write for the electron distribution function: 
(31) Ho) = fo(¥o) + RE 00, gti 
0 
where 


0=%+ 3N,, $v,= Re(é). 


By using the expressions (6) and (7), we easily find that the mean value 
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in space of f(N)Hv is of second order and is equal to 


where w? is the mean square value of the velocity and f)(v)) is the Maxwell 
distribution function. Since we have assumed w'/k>> Vu? and also shall 
show that the main contribution to the absorption comes from a very small 
range around %=a'/k, 1 may be neglected compared to v2/u?. Thus the 
integrand may be written 


7 m 


<f(v) Hoy = — <Efolvo)06 75 dv), 
xT 
which inserted into (5) yields 
a 
(33) (At e] do KE fo(Vo)Vo — 00.) . 
xT 


The real values of Æ and È are found from (1) and (4) respectively and give 
(34) H = H, exp [— yt] cos (kz — at) , 


(kv) — ®) Sin (ke — wt) —y cos (ke — ot) 
(kt) — ©)? + y? 


? 


Comoe Rett) = — E, exp [— yi] 


where we a priori have introduced a damping factor y by replacing © 
with m—iy. For the calculation of the absorption, this y is almost irrelevant 
if the decay time 1/y is much larger than the time over which we take the 
mean value. 

By inserting (34) and (35) into (33) and taking the mean values, we may 
at last write 


i 


e? 2 a N + DA D. \n? — en pu ae es! ME x 
INA ri «Hy exp [— 21) farsa) y(1 + [(ke) — «)/y}?) 


When y/k +0, the function 


[ay _ 


9 


1+ (k2/9?)(0 — o/h)? 


8 - Il Nuovo Cimento. 
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is a representation of Dirac’s ò-funetion, and the integral can easily be 
evaluated. 

If for a certain k, y becomes small enough but finite, the function fo(v)v5 
may be put outside the integral with 1 = ©/k. Then the integration is 
straightforward. The result is 


2 


COMPLE È es è 


As is easily verified, the damping coefficient of the electric wave E may be 
defined by the following expression: 


By this definition we obtain for y: 


4 
Ro 
00) Y= TN k 


Here we have put © = ©, which is legitimate for very small k. 

When compared to the damping coefficient found by LANDAU (>), there 
lacks a factor 2 in the denominator of (36). This discrepancy is most probably 
due to the two quite different ways of calculation. 


5. — Discussion of the results of Sect. 4. 


Judging from the present calculations we could say that the Landau damping 
might be due to an energy absorption of the electrons having the same or 
nearly the same velocity as the phase-velocity of the wave. These electrons 
experience a constant electric field and consequently become accelerated. But 
in order that the theory shall be consistent with the linearization condition 
© € }/2x, the electric field must be essentially damped in atime 7, comparable 
with the time ¢ needed for a resonant particle to traverse a lenght £ < A/27x: 
For this to be the case, we must at least have 


m f- 6 nl 1 À 7 
(37) |Cmas|= — Hy — < — or pe pe Eons 
m ; 


9 


m VAT 
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|Cmax| 18 found from eq. (21) by integrating twice for electrons with velocity 
% = /k, and taking the real value. 

If the condition (37) is not satisfied, the resonant electrons will in reality 
not experience a constant field (only in this linear theory), but an electric 
field which varies sinusoidally in space. Sinusoidally only as far as the field 
is not deformed by these electrons. 

If the latter may be assumed, the electrons become trapped, and the mean 
value of the absorption will be zero. 

However, the electric field will probably be deformed by the electrons 
becoming trapped and one has to include non-linear terms in order to account 
for this phenomenon. 

In conclusion one may say that the Landau damping is real only for waves 
which satisfy the very strict linear condition (37). Waves which do not obey 
this condition, one may call non-linear. The field then contains enough energy 
to put into the «resonant electrons » so that these become trapped. These 
electrons will then probably not give rise to any damping of the wave. 

It has however been asserted (4) that the Landau damping is due to a 
diffusion in configuration space, and the present calculations may be given 
an alternative interpretation. 

Let us assume an electric wave, consisting of many waves with the same 
wave number k but with different frequencies © around ©,. The phase-velo- 
city of the electric wave will then have values around ,/k, and electrons with 
these velocities will be resonant electrons in this case as well. 

Since the electric wave-vector is damped because of diffusion in phase- 
space, the electric energy density is also damped. The lost energy must 
however be get rid of, and the calculations given show that this energy is 
transferred to the resonant electrons. Calculation of the energy absorption 
yields thus another way of finding the damping coefficient. 


6. — Oscillations in the presence of an external magnetic field H,. 


We shall now assume both k, and k, 40 and solve eq. (15) by the same 
method as applied in the case k,=0, 4e. with the use of 0-functions. The 
solutions of (15a) and (150) are given by the expressions 


t t 
1 Man 
(33) ie = =#0x pl font exp [— 2iw,t] auf À Di exp [i[m]t]dt . 
foo} t 
(39) Dees. & (P exp i IONI) | 
= 3 i 
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Here 


[mo] = No + K2Voz — © . 


We also introduce the following abbreviations 


[n_] = (n — Lo + ke — © ; 


[nn] = (n+ 1)wo + ko — © . 


With the use of this notation, the expressions (38) and (39) can be written, 
after the integrations have been performed, 


Dy\ _ exp [ifn] t] exp [iw] p [— iw el 
40) = L 7 — 4 
oe Dy he DE b, ‘le In_l[ns] | si [n+] HR 20, nal] 
(41) DES CAP sapa + i7d[No]]} , 
= [No] 

Now 

0 La 
(42) ip = — fo D fo Di o Di : 

OVox OV y (0) Voz 


Before we substitute the expressions (40) and (41) into (42), we introduce 
cylinder co-ordinates in the velocity space: 


Vox = 0 COSK=—oOSING, 
Vou = 0 fina= ECOSH, 
Vox Vox è 
9 2 à 
g =a +o, 
(see Fig. 1). Then 
Oto Ofo(Q2¥ 
en — sin @ (Qos) 
4) A ’ 
OV CO 
Of 1 Of, 
a = COS p—, 
D red 
OVoy 00 
Ofo 2 Of 
OVoz OVoz 
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The perturbation f, in the distribution function then becomes 


e of Da 
(43) i= om de exp [— tk, 7 cos P| D BAUME 
|p F, exp [im RI pl exp [i(n + 1)g] | 
uo [n+] 
ieee ; x. E, exp [in 
ua si exp [— ik, r cos gp] > iJ, (kyr) P È x LI | 
402 ST o 
tie 2 


< . fo 
exp [ik-r Pal) 220 
Amc De sà E [ 0 5 Pol°? à 00 


*[Fo[n+] 6[n_] exp [iw.t — ip] + Fry [n_] d[n4] exp [— iw,t + ip]]- 


Oy e À à ; à 
de DI exp [ikr, + inpoli" Ji (kr) Est d[mo] « 
OU ce. We. 


where 
TI = Tig exp [i(k-r = ot) | = E, a iH, , 


F, = Fy exp [kr — wt)] = H,— tH, . 


This expression for f, is analogous to the f, in eq. (25) evaluated in the special 
case H,=0, or what amounts to the same, k, — 0. In spite of the singular- 
ity there for v.= ©/k,, the distribution function could be used for calcu- 
lations of mean values. Now we have singularities for 


© — MO), 


Voz = n 
ke 


where m is an integer. 

We will now investigate whether this last derived f,, eq. (43), can be used 
for evalutation of mean values. The perturbation N, of the electron density N, 
we find to be 


Vv 


ne, : 
(44) N= Pf {[h- 0 dedv,dy— a sen) ff Dex pe 


J,exp[—kyr cosp |v”: 


; À m a : m 4 
il F, exp ja(n — 1)y oT ot]- if, exp |i(n + 1)p i Di. 


5p% + ing] ododp , 


(9) 
int n E.(0 — no.) exp 


where we have used the equilibrium distribution function 


1} 


fo(0, Voz) = No (sn) pl 2 7 (0° LE ve al i 


a 
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and the notation 


o — (n + 1)o, O — NO 


n», = 2 


2. a 
is È ke 


o] _ 
J 


V+ 


In the case ck> (co? +03)), the coupling between the longitudinal and trans- 
versal modes is small (see BERNSTEIN (5)), and E, may be put equal to zero 
when studying pure longitudinal waves. 

Then the first term in eq. (44) can be written 


(45) Ill > DI exp [— ik,r cos pli"J,: 
xp [ing] 


os noe po ag | RIM 
Co k,0 OVoz [mo] © 


where the following relation is utilized, 


2nd (kr 
(46) Se = Gr) 
kr 
The integration over g can be performed if we make use of the identity 


27 


(47) fe exp [— tkyr cos o + ing] do = 2x, (kr) . 


0 


The eq. (45) may then be written 


.Qne ff Jn (Oh nw, à 
(48) i I | | | Baas sl CA o do dr, . 


= ne Aes A y 
m [no] | 00,0 ~ dv 


The second ter x È i 
d on of eq. (44), due to the ô-functions, can be shown by some 
calculations to yield 


de N + 2 . = 
49 = SAN LS de m n 
ia ar Li BO | OED semi ei n) |Foto, 
when 
50 a Mi; 3 da 
se nr) | rt) 
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Further in the pure longitudinal case 


HN Ho LE a eee 
fea teed ee EnR 


(51) 


These relations and (47) as well, are used in order to arrive at (49). 

When we insert (48) and (49) into (44) and put his expression for N, equal 
to that calculated from the Maxwell’s divergence equation, we obtain the 
following dispersion equation 


9 2 4 3 © à 
(peli TE (son) > Jo doJ2(k,r) exp |— a e| 
|P | (no, + keV.) EXP 2 cà do Lai È exp x "| ; 
3 20 “| Pol is DIL 
Before giving a short discussion of Î 
this equation, we point out the fact vz = plane 
that the two terms in the bracket can 
be found in another way. We have oz “Vo 
performed the integration along the me AU DLE È. 
real axis and used Dirac’s d-function, (6 
but the result is the same if we instead ì 
deform the integration path and in- Fig. 2. 


tegrate along C (*) (see Fig. 2). 

The path © consists of the real axis from — co to w—e and from v,+ e to co, 
where e is a small quantity which we let go to zero, plus the semicircle around 
the singularity v,= (© —n@.)/k.= %. 

We thus have 


(53) | (no + ky Voz) exp [— (m/2T)v6] Ae 
NO, + ks — © 


(4 


Le] 
(no, + kan.) exp [— (m/2T)v;,] . © ee 
=P| case ale Vol - 
[mo] TS ACT 
— o 


The path C, the integration along which gives our result, eq. (52), represents 
the change in the integration path which Landau undertook in his investi- 


(8) A. G. Sirenko and K. N. Srepanov: Soviet Phys. JETP, 4, 512 (1957). 
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gation of oscillations in a non-magnetic plasma. We mentioned this in the 
introduction and the consequences as well, namely the Landau damping. Also 
in the magnetic case this path deformation gives rise to a Landau damping, 
as long as the wave propagation is not transverse to the external field Ho, 
i.e. ky ~0. This damping has been thoroughly studied by SITENKO and STE- 
PANOV (8) later also by BERNSTEIN (°). 

When k,=0, and at the same time © # ©,, the last term of eq. (53), 
which gives rise to the damping, is zero; consequently also the damping. 

If, however, k,>0 and w= no, the last term grows, and as a result of 
this linear investigation one may say that the « Landau damping » is extremely 
large for frequencies around multiples of the gyration frequency w,. This extre- 
me damping constitutes the gaps first found by GRoss (?). 

In the non-magnetic case the distribution function could be used for cal- 
culating mean values in spite of the singularity, since this disappeared by the 
integration. The same is true in the magnetic case as well, but after the in- 
tegration, we have the additional singularity for k,=0 and © = nw,. When 
this condition is fulfilled, the density is smgular and the linear treatment breaks 
down. To calculate the width of the frequency gaps is the same as to inves- 
tigate how close to nw, one may go with w and still keep the linear fluctuations 
within reasonable limits. 


7. — The case k, = 0, © A no, and the width of the frequency gaps. 


The dispersion equation (52), when %X,=0 and the at same time © + NOes 
is found to be, after some calculations, 


foe} 


m 
ye 


Dia 


Mem, Ee 27° 
(54) mien vada 


= Ss odo exp 
ke? ni Sat 


0 


LS N — w/a, 


For small arguments of J,(kr) we have approximately 


7 A k / nn nn 2 
Jak n) = 73 (2) = | .) FREE 


to) On2"n 


With this approximation, and using the formula 


foo} 


! 
> _ a n! 
o°"*1 exp [— bo?|do = 3 
ne 
0 
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we get for (54) 


k2T k2 kt 
mor 2bw®(p? — 1) cf 2b2w*(p2 — 4) La 
Here p = œJw,, b=m]/2T. 

When 1<p <2 the first term on the right-hand side is positive, while the 
second and following terms are negative. For values of p, very close to unity, 
the first term is large and positive, and for values of p close to 2 the second 
term is large and negative. The contribution from the other terms is small. 
Since the left-hand side is always positive, we draw the conclusion that for 
frequencies © in a region close to 2, the dispersion equation cannot be satis- 
fied. The width of this forbidden region can be found to be 


IND 


4 mo? 


For a more extensive treatment, see GROSS (5), BERNSTEIN (5), or KILDAL (°). 


8. — Kinetic contra hydromagnetie description. 


The singularities here studied do not appear when using the hydromag- 
netic description. Thus the Landau damping and the Gross gaps do not 
appear. 

The reason for this is the following. 

In a hydromagnetic description, the electrons are motionless in equi- 
librium, the thermal velocity being taken into account by the temperature 7. 
Thus, in the non-magnetic case, no electrons have the velocity «/k. 

Consequently, we have no Landau damping since this damping is due to 
just those electrons. 

Further, in the magnetic case, no electrons rotate in equilibrium when using 
the hydromagnetic model. Therefore the wave frequency is never in phase 
with the gyration frequency. 

Since the gaps are due to a breakdown of the linear treatment, one cannot 
be sure that they are real. To find this out, one should take into account non- 
linear terms. For the case of Landau damping, in a non-magnetic plasma, 
BERNSTEIN et al. (1°) have started a non-linear investigation. 


(*) A. KiLpAL: The Institute of Theoretical Astrophysics, report n. 9, On Oscillations 


in an Electron Plasma (1959). 
(19) I. B. BERNSTEIN, J. M. GREENE and M. D. KRUSKAL: Phys. Rev., 108, 546 (1957). 
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When comparing the hydromagnetic and kinetic treatment of plasma oscil- 
lations, one finds conformity within the same order of approximation when k 
is small, except for the Landau damping and Gross gaps. As for the gaps the 
linear treatment breaks down and the comparison is no longer within the same 
order of approximation. 

A plausible reason for the real existence of the gaps, is that they are due 
to an energy absorption. On a later occasion we hope to come back to this 
problem and the Landau damping as well. 


RIASS UN ONE) 


Esponiamo una teoria lineare delle oscillazioni della forma exp [i(k-r— wt)] in un 
plasma di elettroni privo di collisioni in un campo magnetico esterno H,. La teoria 
è basata sulle equazioni del moto di ogni particella. Studiamo solo il caso kK +0 e le 
singolarità che allora appaiono, vengono trattate facendo uso delle funzioni 6. Troviamo 
le espressioni per le perturbazioni $v della velocità degli elettroni. Con uno sviluppo 
di Taylor in $v valutiamo la perturbazione della funzione di distribuzione ed anche 
la perturbazione N, della densità. Quest’ultima quantità soddisfa anche all’equazione 
della divergenza. Per eliminazione otteniamo un’equazione della dispersione. Ne] 
caso k,H,, gli elettroni con velocità uguale alla velocità di fase subiscono un campo 
elettrico costante. Venendo così accelerati, essi privano il campo della sua energia. 
Calcoliamo questo assorbimento di risonanza e lo smorzamento concomitante si accorda 
allo smorzamento di Landau. Poi studiamo i gap nella frequenza che appaiono nel 
caso k-H,=0. 


(*) Traduzione a cura della Redazione. 
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Partial Wave Dispersion Relations in K-Nucleon Absorption - I. 


R. G. MooRHOUSE 


Department of Natural Philosophy, Glasgow University - Glasgow 


(ricevuto il 19 Dicembre 19€0) 


Summary. — Using the double dispersion relations, the singularities of 
partial wave amplitudes for transitions between the coupled channels 
K+N, «+ and x+A, are found. A formalism for solving the dispersion 
relations, using the unitarity condition, is written down according to 
the proposal of Bjorken. 


1. — Introduction. 


In the study of pion-nucleon scattering it has proved convenient to deduce, 
from the double dispersion relations, the analytic properties of the individual 
partial waves and to use these properties to set up dispersion relations directly 
in each partial wave of interest (+). 

MacDOoweELL was the first to study the analytic properties of partial waves, 
using the Mandelstam relations, and he did so in the context of K-nucleon 
scattering (*). In this paper we shall be particularly interested in K-nucleon 
absorption, but unitarity couples the processes, K+N +K+N, K+N >74Y 
and t+Y-—-7-+/Y, so that it will be necessary to examine the analytic pro- 
perties of all these amplitudes. 

In Section 2 a general discussion of the singularities in the partial wave 
amplitudes is given and the unitarity condition is written down. The singu- 
larities are, as usual, divided into kinematic and dynamical singularities and 
in Section 8 the latter are discussed in detail and evaluated as far as possible. 


S. C. FraurscHi and J. D. WALECKA: Phys. Rev. (to be published). 
(2) J. Hamizron and T. D. Spearman: Ann. Phys. (to be published). 
S. W. MacDoweLL: Phys. Rev., 116, 774 (1959). 
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The method of solution of the dispersion relations, taking the dynamical sin- 
gularities as known is discussed in Section 4. In a following paper (II) the re- 
sults of the present paper will be used to assess the influence of the various 
dynamical singularities by noting some solutions under particular assumptions. 
The coupling constants and other parameters of the dynamical singularities 
are (except for certain ones given by pion-nucleon scattering) to be determined 
by a comparison of the solutions of these and like relations with the results 
of K-meson experiments. Unfortunately the experimental results are not yet 
adequate for such a purpose. What can be attempted is the distinction of the 
effect of important singularities such as the effect of a 7-7 singularity on K'-p 
scattering (*). 

It is assumed that the parity of the K-meson is odd with respect to both 
the AN and EN pair. Attention will be confined to s-state, that is low-energy, 
absorption though most of the work can readily be carried over to p-waves. 
It will be noted that in considering the coupling of amplitude by unitarity we 
have neglected all but two-particle states. This neglect, while probably a 
valid approximation in pion-nucleon scattering below 300 MeV, is more serious 
here. Even at the threshold energy of K+.N =x+Y the process K+N = 
= À +27 is energetically possible. The importance of this effect requires 
examination and it will be assessed in another paper. 


2. — Partial wave singu!arities. Unitarity condition. 


Y 4 à NES 1 hi 
Consider the process in which a baryon and a meson produce a baryon 
and a meson where the initial and final particles may be the same, or different: 


By + Us > B,; Eu. 
Let B,, B, also denote the masses of initial and final barvons and Hi, Ma the 


masses of the initial and final mesons; let p,, ps be the corresponding baryon 
4-momenta and k,, k, the corresponding meson 4-momenta so that 


Pa + = Pa + kn. 


Then our notation is 


| (Dire Ki)”, UP) t= — (k,—k,)? , 


(4) F. FERRARI, G. Frye and M. Pusrerra: Phys. Rev. Lett., 4, 615 (1960) 
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The scattering amplitude, in a state of isotopic spin 7, is given by 
— A7 + bip: (ky + i) B? 


where A*, B? are Lorentz invariant functions of s, u, t. The functions IRE 
are defined by 


{CW + Bs)? — wi OW + Bs)? — pal 


Ars = 4W? LIA"+ (W — M)B"], 
(2) 
W— Bi): @i((W—B, olf? 
Ans SA Li I Pal re 0) Bale 


where M = (B,+ B.)/2 and W= 45 is the total energy in the centre of mass 
system. 

If @ is the scattering angle in the centre of mass system and w= così, 
we can express ff, f; as functions of s, x. Then 


(3) OOS fares fagli) 


where g7,(s) is the partial wave amplitude of orbital angular momentum 1 
and total angular momentum /+4. We denote the S-state partial wave 
simply by g’ so that 


1 


(4) 9° (8) = fe + #f;)d 


cd 


(This definition of partial wave amplitude corresponds to scattering ampli- 


tudes of the form g7, = sin 6 exp[id]/k.) 
The A” and B” both obey Mandelstam relations of the form 


s)(u'— u) 


O33(2 0) Ci 0 se) 
He = na yf pe ela (s NO ; 


where P represents the pole terms. From the cuts and poles in A*, B° the 
singularities in /7, ff can be deduced using eq. (2) and (4). These singularities 


are of three kinds: 


(3) ape far far uw — 012(8", U u') 
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i) we shall call dynamical singularities those singularities due to the 
pole terms or the cuts in w, t in the Mandelstam relations for A”, B7. The 
discontinuities across these singularities are taken as known or unknown para- 
meters of the theory; 


ii) the remaining cuts in (5) give rise to kinematical singularities in g° 
These are the s-cuts in the Mandelstam relations for A’, B? and include the 
physical region for the reaction B,+ 11> B,+ wa; 


iii) there is a pole at s=0 and a cut for —co< s< 0 from the mul- 
tiplying factors in (2). 


It appears that there may also be an irrationality cut for (B;—w)< 
<s<(B.— mz)? and (B; +) <s <(B; +)? (if for example (B,— w,)? < 
< (By, — p»)?<(B,+ fe)? < (B,+m,)?). If for example that branch is taken for 
which W=Vs>0 for s real and positive, then [(W+ B.)?— wî][(W+ B,)?— 
— u]> 0 and it can be seen in detail on using (4) that {[(W—B)?— wî]: 
:[(W— B.)?— u?]}} does not occur in the partial wave amplitude (4). 

The dynamical singularities will be fully investigated in the next section; 
the kinematical singularities are trivially given. 

Consider the application of unitarity to the reaction REN re 
denote the K.N, xX and xA channels by 1, 2 and 3 respectively. In the 
T= 0 state only channels 1 and 2 enter. For a particular angular momentum 
and isotopic spin there are at most three channels and the transition ampli- 
tude can be labelled gf (i, j= 1, 2,3) where the angular momentum labelling 
has been dropped and, for example, gf, is the transition amplitude for 
K+N = K-EN. Time-reversal invariance ensures that the phases of the states 
may be chosen so that (5) 


mr 


ie 


mS 


eT 
Iii al 933 2 


Taking the approximation of two particle states only, in the unitarity 
condition, this may be written (1) 


(6) Im (9); = — b, 0:03; , 


where 0, is a step function 0 or 1 according as W= Vs is less than or greater 
than the threshold energy in the i-th channel; k, is the magnitude of the 
centre of mass momentum in the i-th channel. 


(9) F. CoESTER: Phys. Rev., 89, 619 (1953). 
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SI 


3. — Analysis of partial wave singularities. 


In this section we consider the kinematical and dynamical singularities 
of the partial wave amplitudes for the different processes. The most compli 
cated are the amplitudes g7,, g7, for 


Keer aN es a >; 


Ka are A 


and these will be taken first. When particularization is made to a certain 
angular momentum, it will be the S-state amplitude that will be chosen. Much 
of what is said is applicable to any angular momentum state. 


31. Singularities in gî,. — The kinematic singularities are obviously 


TP (We (u + 2)?<s<co 


(7) | 
HR le (u + A}<s< 00 


with the notation that the symbol for the particle also denotes the mass, except 
that the mass of the pion is denoted by w. 
The pole terms in 47, B? for K+N >x+% are given by 


x 2A — L— N/3 Daan, 135) 

FAI : pe A? dl D INK Ir RS) | 2 Isk INr , 
SE 2 V6 : V6 g 

na s— A? I ng Int We? Isc IN7r ? 

(8) 1 i 

SN ZX 

À pee bre 4 = N? Isc I} rel 

Gp ee RE ae 

Pia ED 2 sr ds 0 ENS 2J5Kr Nr : 


In (8) g,,, for example, denotes the coupling constant for the A K, N inter- 
action. Using (2) and (4) it is found immediately that the S-state amplitude 
g contains no dynamical singularities coming from the first terms of the 
expressions (8) (that is the uncrossed poles of A’, B?). 

There are also the singularities that arise from the crossed poles in A’, B? 
as given in (8). The singularities are given by the vanishing of N?—w for 
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values of (cos 0) between —1 and +1. From eq. (1) 


(9) u=e—s—t, 
(10) UNE u = NN = cEs LE, 
(11) f=— — bh) = 2k 10 koo + 2| kil | he [æ . 


It is easily shown that 


| LÉ a. 
(12) Rs (i— 1,2), 


G3) Rel = {OW + By? HI — Bi) — EN = 
= {[s— (B+ w)"1[s — (B;— a.) R20 

So from eq. (11) we find 
(14) t= pt+ K*— (s + N*— Ks + 2*— p)/28 + 

+ {ls — (N+ EK) lls — (WV — K)'][s — (2+ ws E— p)*}}a/28. 
Thus from (10) 
(15) N°-u=a+a, 
where 
(16) a=N?—c/24-s/2—(N*—K*)(X>— p9)/2s , 
(17) b={[s— N+E}][— (WV — K's — (+4 — (2 — p)*}/28 - 


Substituting the second terms of (8) into (4) and (2) and performing the 
integration over x, we obtain as the contribution to gi, from the pole terms: 


(18) At Z{(W + N)— (WE) — pe 
2b a—b| 47 AW? 
a W+Z{T(W — N?)— K?][(W— 2); — 3 
nn ee t = sou = La Li + «other terms », 
where 
(19) O=—V6 9 In, C= — 2959 


and where the « other terms » do not contain the logarithm and so do not 
contribute to the dynamical Singularity, which comes wholly from the cut in 
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the logarithm (*). The cut in the s-plane corresponding to the cut in the 
logarithm is given by those values of s for which (a-++b)/(a—b) is real and 


negative. This is given by the solutions of the quartic equation 


(20) a? = b?x? 


On solution of the equation it is found that the singularity is a cut along 


the following portion of the real axis: 


(21) 


where units in which the K-meson mass is unity are adopted: XK = 1. From 
(18) the discontinuity across the cut, on going from the negative imaginary 
to the positive imaginary side (g(s+ie) — g(s —ie)) is given by: 


mi 07 È Peg 


22 
A b | 167 W2 


N) — KW +2} #1} 


a (W +2) È | 
= — 7— N)?— K*][(W— 2) — pu]. 
In the method of solution of the dispersion relations (as given in Section 4 
below) it is desirable to approximate the cut (21) on the positive real axis by 
a pole (1). 
In that case the residue at the pole is given by 


‘ OF (W— 2) 7 2 72 È O ayes — 
(23) R= |ds 35 | 16M? {[(W+N)— K]((W + 2)?— 42} 
a(W+2) f ie JA Vie ae o a 5 ©” 
= an DA 0025) =; 


and the pole may be taken at the point for which a= 0: 


(6) The fact that in (18) (1/6) In (a+b)/(a — 6) is an even function of b and that 
{KW —N)?— K?]L(W — =) — u2]}} cancels with a factor of b shows that there is no 
Additional cut for (N = K)°<s<(2— u)?, (2 Eu} <s<(N + K)?. 


9 — 11 Nuovo Cimento. 
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There remain the dynamical singularities due to the cuts in « and ¢ in the 
functions A”, B7 


Take (25) first. Then possible singularities of gj, are given by the values of s 
for which « lies in the range (25) for values of æ between — 1 and 1. It is 
found as in the immediately preceding case of the « crossed pole » that these 
values of s are given by 


(27) al? = b2x? 5 
where 
(28) a'= w'— 6/2 + 8/2 — (N?— k*)(32— 4)[28, 


with (N+ y)?<wu'<oco and b given by (17). 

It is found that solution of (27) gives a whole region of the s-plane besides 
a cut from s=— co to ~1. So the «crossed cut» (25) gives a region of the 
s-plane where g7,(s) may 
be non-continuable since 
this region is bounded by 
the curve a, shown in 
Fig. 1, which is a locus 
of branch points. 

The exact analytic 
properties of g7,(s) inside 
and on this curve « de- 
pend on the spectral fune- 
tions o of the Mandelstam 
representation (5) for A” 
Fig. 1. — The curves a, 6, x together with the short and B°. It is compatible 
cut on the real axis in the s-wave amplitude for with the Mandelstam re- 
K+N >r+%. The axes are marked in units of K2. presentation, for example, 

for g7, to be analytic in- 
side and on « except for certain cuts and poles inside «; or to be analytic 
inside x, but with a cut along « (7). 


(Ex) (NK) 


(Of course, from perturbation theory and 
unitarity arguments, we would expect x to be a curve of singularities, strictly 
speaking, so that the function cannot be extended through «x. However, as 


noted below, an analytic continuation through « may be an allowable ap- 
proximation in certain cases.) 


(7) The curve x has been independently given by M. Nau 


\ ! ENBERG (Cornell University 
thesis, unpublished). 
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(N+u)<u<oo is the physical region for the crossed reaction 
(29) TENS Kee 


If the amplitudes for this reaction were known, then of course the analytic 
properties of gi,(s) in and on a, from the « crossed cut», would be completely 
determined. Of course the amplitudes are not known; we may for interest 
assume that the reaction (29) has an amplitude in the unphysical region con- 
taining a factor d(w—w ) where u, is the resonance energy for x. scattering. 
The corresponding singularity in gf,(s) reduces to a cut —co<s<0 and the 
cut a shown in Fig. 1. 

In the case of the dynamical singularities due to the cuts in t in A’, B” 
given by equation (26) an anomalous threshold (8) is involved. The normal 
threshold in eq. (26) would be given by t=(X+%)?, but instead (8°) t= 
= K?+ w?+2Ku cos 26°. On the basis of perturbation theory the Mandelstam 
representation is equally valid with anomalous as with normal thresholds (1°), 

Possible singularities of gf, are given by those values of s for which 


where d is given by (17) and 
a"=t — ¢/2 + 8/2 + (N? k?)(2? — u?)/28, 


for (K+ y)?— (.202) Ku<t' <oo. 

It is found that there is a cut on the real axis from — oo to 0 and a region 
of possible non-continuability bounded by the curve f shown in Fig. 1. There 
is also a very short cut where B meets the positive real axis, due to the range 
of t between the anomalous and normal threshold. 


3°2. Singularities in gî,. — The pole terms in A’, B? for K1N >r+tA 
are given by 


O NANI Ao 
At: gee Dn y/2 Ter Ian y N? 4/2 Ing INn? 
(8°) 
bi: i ea a V Inc In : 


(8) R. KaRPLUS, C. M. SomMERFIELD and E. H. WICHMANN: Phys. Rev., 111, 1187 
(1958); 114, 376 (1959). 

(9) S. ManpELSTAM: Phys. Rev. Lett., 4, 84 (1960); R. E. CutKosKy: Phys. Rev. 
Lett., 4, 624 (1960). 

(19) R. J. EDEN, P. V. LANDSHOFF, J. C. PoLKINGHORNE and J. C. TAYLOR: 
Cambridge preprint. 
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From which using (2) and (4) it follows that the S state amplitude contains 


no dynamical singularity from the uncrossed pole. 
The dynamical singularities from (8') consist of cuts along the following 


portions of the real axis 


(21') —cocs<0, A523 —s=b.608. 


The discontinuity across the cut (g(+ie) — g(s — ie)) is given by 


(221) D V9 I5K IN re Le A roy + N)?— K?][(W ae A)? = e] — 
> renal PEN || (Ws ne] ‘ 


Here a and b are given by eq. (16) and (17) with Z replaced by A. In the case 
of approximating the shorter cut by a pole the residue at the pole is given by 


5.608 


(23') R bal ae INK INx Mie En A 


/2b |l167W? 


(A+) (Nek)’ 


Fig. 2. — The curves «, B together with the short 
cut on the real axis in the s-wave amplitude 
K+N >r+A. The axes are marked in units of K2. 


33. Singularities in gf. — The partial wave 


{[(W +N)? 


— K*\[(W + A)?— we] — 


Jar INr V2? 
LUN = ON) KW = A) pal}! = (0024) ES = Let 


IT 


and the pole may be taken 
at s= 5.095. 

The «singularities » due 
to the w and ¢ cuts in A7, 
BT are similar to those in 
the K+N->r4+% case. 
(The cut in t is (K+u)?— 
— (.0028)Ku <t<oo, the 
anomalous threshold thus 
being very close to the nor- 
mal threshold in this case.) 
The bounding curves « and 
B of the regions of possible 
non-continuability due to 
the « and t cuts respectively 
are shown in Fig. 2. 


singularities for the process 


K+N-+K4+.N, have been discussed by MAcDowELL (#) and no detailed de- 
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rivation will be presented here. In the invariant amplitudes A”, B” there are 
no crossed pole terms, and the contributions from the uncrossed pole terms 
are given by: 


{= iN 
A: = Dak 
Py TA) a 
(33) È 
LEE ea ya 298, 
il 
Be uen 295K 


On application of eq. (2) and (4) it is found that no singularities result in 
the S-state amplitude. 

The singularities due to the ¢ cut (4u?<t<co) in A’, BT are the fol- 
lowing cuts in the s-plane. 


(34) — co<s<0, 
(35) (VN? — u°— VK?— pw)? <s<(VN?— + VK*— u?)?, 
(36) |s| = N2— K?. 


The singularity due to the w cut ((N+k)?<w<oo (in A’, B is the fol- 
lowing cut in the s-plane: 


(37) Dap |) see = ta 


co S 
(38) TEN tN) AL 


34. Singularities in gî,. — These singularities are for the process 7-4X > 
->r+£Z. The pole terms in A’, B’ are: 


ASD 15 
A9: I: 39'hr + a Gx 
, Il I 2 2 
TESE RTE 39An u— A2 94 ee 
39 
(39) np irises 
Lt Tago 
1 1 ‘ 
ba apy: In | Oy Sn A? Ar 
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As before the S-state amplitude contains no singularities from the un- 
crossed poles. From the crossed poles in (39) we have the following cuts from 
the pole at u= 2? 


2 yy2)2 
Pisa aa 


(40) oo 0 


and from the pole at u= A? 


(23 res [ey 


(41) cos 0, as 


<8<25°— A+. 


(These are associated with gi, and gi, respectively.) 
The discontinuities across the cuts are given by 


E Fò 0 _Mig'An 1 À 
© (1) 


(cut (41)) 
W+A-22. : aW+22— A 
tI Toma a cw — 5 pel, 
(43) a = (1), ee — 2\ 
Landi 1 
(cut (40)) 
Mik DA È î PRI 
[enna CO a 5 Tea (2 ath 


where 
a= Y?— Si pit 8f2 (3 — ps, 
b =[s — (2+ p)*ILs — (2 — p)*]/28 , 
with -Y = lin’ éq.°(42), ¥ = 2 meg (43). 


If we approximate the short cuts in (40) and (41) by poles the residue at 
these poles is given by: 


The « muti (T=0: (2+p)*<u<co; T=1: (A+u)?< u < oo) in A°, B” gives 
the following cuts in the S-state amplitude: | 


(44) T= 0: — 00<8<(Z— p)? 
00 


(45) T=1: — O<S8<22° + 2u°— (A+ p)?. 
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There is an anomalous threshold for the t-cut in A7, B7: 3u?<t<c (the 
normal threshold is at t=4y?). The t-cut gives the following cuts in the 
S-state amplitude: 


—oo< <0, [3| = 2? — y*, 
Da — $y? — (Zu — Suis cd? — Lu? + (Zu? — 3 us) À 
The last cut is wholly due to the occurrence of an anomalous threshold. 


85. Singularities in gf,. gj, is the amplitude for the process t+A >T+A 
there is only one isospin channel, 7=1. The pole terms in A1, B! are 


DEA I 


Al: eee dAndg Fa Jans 


(47) n 1 1 
B 5 => ra Pant 7 35 Jar: 


There are no singularities in the S-state amplitude g}, from the uncrossed poles, 
while we have the following cuts from the uncrossed poles: 


(42— pu?) 


(48) ZA = 


<s<2A°+ 2 3, 


while the discontinuity across the cut is given by 


A CIME SO AS 


(49) PR TE TS CW + Ae 4a} 


where 
a = 22— A°— p?+-8/2 — (A?— u?)?/28, 
b —[s—(4+u)][s — (A — p)?]/28 . 
If we approximate the short cut in (48) by a pole, the residue at the pole 
is given by 
g° 


(000 Be 
AT 


The u cut ((A+p)?<wu<oo) in A’, B gives the following cut in the S-state 
amplitude: 


(50) — og) 
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While the t-cut, 4u° <t<oo, in A’, B” gives the following cuts in the S-state 


amplitude 
(51) — co<s<0, lell="A*=722 
36. Singularities in gî,. — gf, is the amplitude for the process T+Z > 


—r+A there is only one isospin channel, T—1. This is an inelastic process, 
but the structure of the partial wave singularities bears more resemblance to 
that of the elastic processes rather than the inelastic processes. This is be- 
cause the two mesons concerned are identical and the Z and A masses do not 
differ greatly. 

The pole terms in At, B are 


A1: S—A 1 S—A 1 
: Auta 32g Pendant ye 7a JonIAn > 


6") 
/9 


L = il 
glo = ey V 2937-9 -An ES V2 Isr Ar - 


The resulting dynamical singularities consist of cuts along the following por- 
tions of the real axis 


(21") — cogs<0, 5.98 <3 <4.87. 


Where the shorter cut is approximated by a pole the residue at the pole is 
given by 


23" À s Len dax [|W | 
ae a — [as von pià LO + A)?— u2][(W +2) — u21}i— 
a W + À 
imp (Ae 5)— wT} | 


= V2 GonJan(— -0018) , 
where in (23”) 
a = (2? — A?)/2 — pe? + 8/2 — (22 — [?)( A? — u?)/2s , 
b={(5- (2+ w)"I[s— (2 — yw) "Ws — A+ w) Is — (A — u}1}/2s . 


SS SS (o IN sh » IO i ; sta te 
7 c ) ing cut n S-5 


CI GK TN 
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The t-cut in A1, B! (4u2?<t<oo) gives the following cuts in the s-state 
amplitude: 


—cocs<0, 4.68<s < 6.15, 


together with a region of possible non-continuability as in the other inelastic am- 
plitudes. However the situation is in fact nearer to that for the elastic am- 
plitudes. This is because the bounding curve of the region can be represented 
(to any physically desirable degree of approximation) by a circular cut 


|s|= 5.35, (~V(A?— ud)(22— p?)) . 


4. — Method of solution. 


BJORKEN (1) has proposed a method of solving the dispersion relations for 
coupled scattering amplitudes for which the dynamical singularities are known. 
It is essentially an extension of the N/D method to coupled amplitudes and, 
as shown below, can be cast explicitly into that form. (Independently of 
BJORKEN, the method has also been given by NAUENBERG (!°)). 

If we have a scattering process which (for a given angular momentum iso- 
spin and strangeness) can proceed through many two body channels then the 
scattering amplitudes can be written as a matrix, g(s). The element g,,(s) of 
this matrix is the transition amplitude from the channel 7 to the channel 7 
(for a given angular momentum, isospin and strangeness). We write 


where both D and N are matrices. N is adjusted so as to contain all the dyna- 
mical singularities (taken as given) and D all the (unknown) kinematical sin- 
gularities. 

In evaluation we are going to approximate the dynamical singularities, 
which largely consist of cuts, by a series of poles (1). This makes no difference 
in principle to the method and for simplicity of exposition we shall adopt it 
henceforth. The notation taken is that s?, are the positions of the poles in the 
amplitudes g;;, the integer n characterizing the different poles in g,;; a; are 
the corresponding residues at these poles. Then if we put 


On; 
(52) Wiss) = D Dal) Gr, 
kn 8 s 


ee 


(1) J. D. BJoPKEN: Phys. Rev. Lett., 4, 473 (1960). 
(12) M. NAURNBERG: Cornell University Thesis (unpublished). 
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then g is identically assured of its poles with the correct residues and D may 
be taken to have only the kinematical singularities of g. 

In the case we are considering, of K.N scattering and absorption, g;,(s) 
has a kinematical cut on the real axis 
(53) o<8<0o, 
where 


(A+ u?)<o 


Consequently D(s) has such singularities only. 
From the Riemann-Schwarz reflection principle 


(54) g*(s) = g(s*) 


so that, if we ensure that in our approximation of cuts by poles, any pole is 
accompanied by its conjugate, then (52) and (54) ensure that we may take 


(55) D*(s) = D(s*). 


Consequently we may write the subtracted dispersion relation for D(s) as 


[ce] 


(56) Ds) = Dis) + "fas jm Deli) 


s'— s)(s'— 8,)’ 


where 
< (4+ p)*. 


As in the one channel case we are free to make a choice (arbitrary except 
for compatibility with the existence of D-1) of D(s,). We choose 
(57) Di;(80) = di; . 
Also, for s real, 


Im D(s) = N(s) Img. 
Using eq. (6) 


(58) Im D;;(8) SS k,0; N ;;(8) © 


Substituting (57) and (58) into (56) and (52) we find 


(59) Dale) = deg [0 Data 


ind (8’— 8)(s — e 
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On putting s= si, there results a set of simultaneous equations for determining 
the D,,(s;;) from which D(s), N(s) and thus g(s) may be found. 


* OK OK 


The author would like to acknowledge the hospitality of CERN, where 
this work was done, and to thank the Carnegie Trust for a travelling 
fellowship. 


RIASSUNTO () 


Con l’uso delle relazioni di dispersione doppia, abbiamo trovato le singolarità delle 
ampiezze d’onda parziali per le transizioni fra i canali accoppiati K+N, r+Z e x+A. 
Si espone, in accordo con le proposte di Bjorken, un formalismo per risolvere le rela- 
zioni di dispersione, usando la condizione di unitarietà. 


(*) Traduzione a cura della Redazione. 
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Photons from the Radiative Pion Decay. 


D. M. BINNIE, 8. L. pe S. BARROS and B. D. HYAms (’) 


The Physical Laboratoires - Manchester University, Manchester 


(ricevuto il 23 Dicembre 1960) 


Summary. — The detection of photons from the radiative pion decay 
mode x >u+v+y is reported. While there are several uncertainties 
in the final figures, the results are consistent with the V-A theory of 
weak interactions and with nuclear emulsion investigations of anomalous 
Tt-u decays. 


1. — Introduction. 


The pion decay mode 


Tue VIE 


has been investigated theoretically by several authors (**). Experimental evi- 
dence for the existence of this decay mode was first put forward by Fry (°). 
More recently a similar, though more detailed, analysis was reported by CASTA- 
GNOLI and MUCHNICK (4). 

Both the experiments reported involved the measurement in nuclear emul- 
sions of the u-meson range from x-mesons decaying at rest. For the normal 
two-particle decay, the u-meson is emitted with a unique energy of 4.2 MeV. 
In the three-particle decay, the meson energy will in general be less. Such 
events can therefore be detected by looking for u-mesons of short range. The 
a ‘ \ 4 ‘ nei . . 
results of CASTAGNOLI and MUCHNIK (*) showed that the branching ratio for 


(*) Now at CERN, Geneva. 

(1) S. ONEDA and S. KAMEFUCHI: Nucl. Phys., 6, 114 (1958). 
(?) K. Huane and F. E. Low: Phys. Rev., 109, 1400 (1958). 
(*) 
(4) 


W. Fry: Phys. Rev., 83, 1268 (1951). 
C. CASTAGNOLI and M. MucHNIK: Phys. Rev., 112, 1779 (1958). 
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production of mesons having energies between 1.85 and 3.35 MeV, relative to 
the normal decay, was (1.24 + 0.25)-10-4, 

Our interest in the decay mode was stimulated by the work of ONEDA 
and KAMEFUCHI (1). These authors, and also HUANG and Low (2), suggested 
that the study of the photon spectrum could yield information on the pion 
decay mechanism. If this proceeds via baryon-antibaryon pairs followed by 
a four-fermion weak interaction, then in addition to photons arising from inner 
bremsstrahlung, photons can also be produced in the intermediate heavy 
particle state. The interesting result here lies in the prediction that the two 
photon energy spectra should be very different, and that, while the inner 
bremsstrahlung spectrum is approximately of the form 1/k, where k is the 
photon energy, the intermediate state photon spectrum, with some reasonable 
assumptions, should have a maximum somewhere between 10 and 20 MeV. 
The maximum photon energy possible is 29.8 MeV. Thus in principle a nega- 
tive result in a search for the higher energy photons could be of great interest. 
Recent calculations, for example by PRAKASH (5), who made a lowest order 
perturbation theory calculation assuming a nucleon-antinucleon pair, a cut-off 
at one nucleon mass and the V-A four-fermion interaction, have shown that 
only the inner bremsstrahlung term should be of practical significance. Nev- 
ertheless, we continued our experimental investigation of the y-rays emitted, 
and report this work here. 


2. — Experimental arrangement. 


The experiment was carried out using a scintillation counter arrangement 
(Fig. 1). 98 MeV z+ mesons from the Liverpool Synchrocyclotron were mode- 
rated by 24 em of polythene, traversed counter B and stopped in the 73 em cube 
of counter S. A typical beam intensity was around 700 mesons s~! stopping 
in S. Counter B completely covered the 5 cm diameter aperture in the shield, 
so that all emerging particles should have crossed B. We sought to detect 
y-rays emerging from counter S for a time up to 8-107*s after the arrival of 
a m-meson in À. 

The y-ray detector, referred to as counter G, consisted of three identical 
interleaved counters G,, G,, G; in coincidence with each other. Each of the 
three elements consisted of two sheets of plastic scintillator 1 cm thick, spaced 
by 3 em and «viewed » by a single photomultiplier. On top of each sheet of 
plastic there was an aluminium sheet 0.122 em thick (not shown in the figure). 

Between counters S and G there was a counter, A, 2 cm thick with a sen- 


(5) P. PRAKASH: Notas de Fisica, 4, 16 (1958); also private communication (1959). 
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sitive area larger than that of G, used to give an anticoincidence signal to 


reject charged particles reaching G. 


L.G Light guide 

PM Photo multiplieris 
: Concrete 

Pb and steel 


I Polythene 


Scale (cm) 


Ye 


2a apie Res : A 
Fig. 1. — Elevation (upper diagram) and plan (lower diagram) of the arrangement 


of counters, shielding and beam. 


A radiative decay event should have given the following signals: 
Na pulse in counter B of well-defined amplitude coincident in time 
with a pulse in S from a single x-meson entering through B and stopping in 8; 
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ii) a pulse in S from the y-meson emitted by the z-meson on decaying; 


ili) no signal in A, and a signal in @ coincident in time with the u-meson 
pulse in S, from the y-ray interacting in G. 


Two signals were taken from counter B, a 20 nS pulse used as a coinci- 
dence signal, and an exponentially decaying pulse with a decay time of 5 us 
with amplitude proportional to the signal. 

The amplification of pulses from counter G was adjusted so that the counter 
would detect efficiently events corresponding to the traversal of one sheet of 
each counter by a minimum ionizing particle. 

The efficiency of counter G was estimated using known Compton and pair 
production cross-sections (Fig. 7a). Including the solid angle subtended at S, 
it was about 1.7% for the highest energy photons, falling to less than 0.15% 
for photon energies less than 7 MeV. 

A coincidence was registered when a coincidence B+ S was followed within 
8-:10-8 s by a coincidence G,+G,+G,— A (referred to as G— A). 

On the occurrence of such a coincidence, the pulses in the various counters 
were recorded on two oscillographs, one having a time base of duration 10 ps, 
the other a duration of .25 us. Fig. 2 shows examples of the two traces. The 
slow trace shows the pulse from B as a step decaying exponentially, followed 


Slow trace, duration 10 ps 


= ; 
Gi Sx Pe E 67 Gi 
Fast trace, duration 0.25 ps 


Fig. 2. — Sketches of typical oscillograph traces. Slow trace (above) of duration 10 us. 
Fast trace (below) of duration 0.25 us. 


by lengthened pulses from S and G@,. A second pulse from S referred to as $,, 
due to the positron from a p-decay, and later a second pulse from B due to 
the next pion coming in, can also be seen. The dotted line is the deduced a- 
symptote to the exponential. The fast trace shows G,, followed by the 
pulses from §. In the example shown, these latter pulses are due to three 
particles: for example, S, is a pion entering; S, is the muon from the pion 
decay; and, S, the positron from the muon decay. Finally we have G, fol- 
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lowed by a reflection of G,. The reflection was introduced to calibrate the 


oscillograph sweep speed. 


3. — Experimental results. 


Two separate machine runs have been carried out. The first showed some 
evidence for the radiative decay, but this was not conclusive. The apparatus 
was then modified, the main modification being in the use of a travelling wave 
oscilloscope for the fast display, and a second run completed. As a conse- 
quence of the modifications made, pulse amplitudes, timing accuracies and 
other parameters are not easily comparable. We therefore present in detail 
the analysis for the second run and combine the two only at the end of the 
analysis. However, except for the changes in parameters, the two analyses 
are similar. Table I gives some of the rates measured in these runs. 


Inaz IL 
Rate « accept- No © i No. of | Total | Time 
Ti e 14 « i » = =| È : | is o 
Run |, Bas |} Timer) cable» Total ere te na a 
average/s (Ss) T's events events annihilation events radiative accepted 
stopping events | | decays | -10-9s 
| | | 
Run 1] 670 |1.35-105|1.36-107| 28 CA Epic 9 “| 100 er 
(Run 2 800 |1.49-105|1.95-107| 23 6 0.8 o pesa 10.50 |) ae 
Combi | 
SUSE Mc] 14 1.8 14.7 | 20.5 


A total time of 42 hours was spent during the second run, recording 
B+S+G—A events, with a total of 5200 pairs of photographs of oscillo- 
graph traces. The beam intensity was chosen to make a compromise between 
the Due of genuine events and backgrounds. We monitored, at approximately 
hourly intervals, the rates of: 


1) B+S events, as a measure of the xt flux ; 
ll) G—A events, as a check on background processes; 


ii) B+S+G@ events, due to positrons from ws decaying within 8-10-8 s 
of the FREE 


We photographed B+ events at a very low beam intensity to give a 


check on the efficiency of seeing the e+ on the slow trace and the muon on the 


fast; also to give the u-meson pulse height distribution for the 4.2 MeV u-me- 


sons from the normal n-decay. The accuracy of measuring the time of the 
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S, pulse relative to G, was checked by using photos of B+ S8+@ events. 
Cosmic ray photos of fast u-meson events S+@ at full gain and half gain for 
the G counters gave a calibration of G counter pulse heights. 


4. — Analysis of data. 


We demanded the following conditions to be satisfied before an event was 
accepted for further analysis. These selection criteria reduced our efficiency 
for detecting radiative decay events by the factors given in brackets. 


a) The slow trace had to show a B signal of the amplitude expected for 
a single z-meson traversing the counter, and we required that the trace start 
with little or no displacement from the base line, determined from the asymp- 
tote of the exponentially decaying B pulse (0.86). These criteria select events 
where only one z-meson enters the counter at the time of interest, and none 
has entered during the previous 5 us. 


b) The slow trace had to show a pulse attributable to a positron decay 
an S (0.9). 


ce) The slow trace had not to show a second 7-meson entering, that is 
a second B pulse, before the positron pulse (0.9). 


d) The fast trace had to show a pulse attributable to a stopping ~-me- 
son (0.86) emitting a u-meson late enough for the u amplitude to be 
measured (0.36.) In general a u emitted after the peak of the S pulse was 
acceptable. 


e) The fast trace had to show G, and G, pulses in coincidence with one 
another, and with the pulse attributable to the u-meson. The fluctuations in 
the G-u coincidence time were measured by photographing events where po- 
sitrons from the u-decay in S entered G. For the first run this was + 2.1 8, 
for the second run this was +1.0n$S. In each run we accepted only coinci- 
dences within +1.6 S.D. of the expected «zero » delay (0.89). 


After imposing these criteria, and correcting for the camera dead time (0.85) 
and the occasional loss of photographs (0.95) we were left with 18% of the inci- 
dent x-mesons being «acceptable » for giving rise to acceptable radiative decay 
events. 

Having imposed these selection criteria we were left with 51 events. We 
will now discuss the possible origins of these 51 events. 

One source of spurious events which we refer to as « annihilation » events, 
simulating radiative decays, is the following. On the fast trace the S, pulse 
is due to a stopping z-meson, but its p-meson is emitted very early, escaping 


= 10 — Il Nuovo Cimento. 
qua 
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observation; its decay electron simulates an DE pulse in S, and then annihi- 
lates in flight, and the annihilation photons are detected in G. On the slow 
trace an apparent «positron» pulse appears but this is not related to the 
stopping z-meson. It should be noted that this background cannot be reduced 
by improving the resolving time of the fast oscillograph. The slow oscillo- 
graph was used, and selection criteria a), b) and ¢) were imposed in order to 
eliminate this class of events by making it improbable for a u-meson from a 
second r-meson to give a positron signal on the slow trace. Without these 
selection criteria this class of events was 40 times more numerous than the 
radiative decays. 

An examination of an unbiased sample of « annihilation » events for which 
the selection criteria b) of a positron pulse was relaxed, showed that only 1 
in 8 of these could be confused with any radiative decay, since either the real 
u pulse as well as the positron simulating the u was present, or the apparent 
u pulse was too large. 

Examination of the 51 selected events enabled 14 to be identified and re- 
jected as «obvious » annihilation events. This leaves 37 events, of which 
probably 2 are due to unidentified « annihilation » events. 

A second source of spurious radiative decay events can arise from events 
where the 7 and e pulses on 
the slow and fast traces are 
genuinely due to such par- 
ticles but the u-meson from 


2 


this x decays too early to 
be identified. If, then, the 
S, and «G» pulses are in 
fact unrelated to the z-me- 
son, but have a common 
origin and are therefore si- 
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multaneous, we have a class of events, « SG casuals », that can give rise to 
a spurious background. Here again improvement in the fast resolving time 
would not reduce the background. 

Evidence that such events, if any, are rare, is seen in Fig. 3a), which shows 
the frequency distribution of S_—S, delay times for the remaining 37 events. 
For radiative decay events this should show an exponential decay with the 
m-meson lifetime. For « SG casuals » the distribution should follow any time 
modulation of the background with r.f. accelerating frequency (the time for 
one cyclotron orbit of a 380 MeV proton is about 6:10-8 8). We found no time 
modulation of the background (Fig. 3b), and therefore conclude from Fig. 3a 
that the « SG casual» rate probably contributes no counts, and cannot be 
contributing more than 2 or 3 counts to the 37 accepted events. 

It may be remarked that the timing distribution of Fig. 3a confirms the 
conclusion previously reached that there are few « annihilation » events amongst 
the 37 accepted events, since these also would be uniformly distributed over 
this time interval. 

A third source of spurious radiative decays arises from events where the 
S, and S, pulses on the fast trace, and the S, pulse on the slow trace are all 
genuinely due to such particles, but the G pulse is unrelated to these particles. 
Such « G casual» events contributed the greater part of the events recorded. 
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Fig. 4. — Frequency distribution of the G pulse delay relative to the y, showing a con- 

tribution above the « G casual» background at zero delay. The two machine runs are 

combined by plotting the delay in terms of the standard deviations for the timing 
measurementes (Table I). 


In spite of attempts to shield the G counters to reduce this rate there were 
7 (G-A) counts s-1. Fig. 4 shows the frequency distribution of events satisfying 
all the selection criteria except e), and excluding « obvious » annihilation events, 
as a function of the delay between the S, and G pulses on the fast trace. 
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From this it is seen that there is a contribution of events at zero delay above 
the background. The selection criterion e) was imposed to select radiative 
decays against this background, and the travelling wave oscillograph was built 
to improve the resolving time and reduce this background. From Fig. 4 it 
may be calculated that 15 « G casual » counts are expected in the time interval 
over which our 37 events are accepted. 

Thus we have found 37 events in all, of which 2 are expected to be due 
to «annihilation » events and 15 to «G casual» events. We attribute the 
remaining 20 events to genuine radiative decays. 

We investigated the distribution of S, amplitudes and the combined G 
amplitudes. Fig. 5a shows S, amplitudes from «G casual» events. These 
should represent an unbiassed sample of u-mesons of the maximum energy. 
The distributions from both runs have been combined by scaling the first run 
to give the same mean as the second. Fig. 5b shows the amplitude distribution 
for the 37 time coincident events. We do not expect to resolve S, pulses of 
amplitude less than 0.1, but should be at least 50% efficient at finding pulses 
of 0.15, with almost 100% efficiency at 0.2. This gives direct evidence for 

u-mesons with energy below 
the maximum value. 
The G amplitude distri- 
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ionizing particle in three sheets (about 6 MeV); secondly, that there is little 
difference between Figs. 6b and 6c; thirdly, that there is no special peaking of 
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Fig. 6. - Combined pulse amplitudes from the three G counters; a) minimum ionizing 
particles traversing one sheet of each counter; 5) « G casual» events; c) the 37 time- 
coincident events. 


pulses just above the threshold. In fact, although the distribution is compati- 
ble with the predicted radiative decay spectrum it would, for instance, be 
consistent with all the time coincident events being really just « G casuals ». 


5. — Discussion. 


For the calculation of the branching ratio we require an estimate 
of the y counter efficiency. For the detection of the higher energy y-rays it 
is not difficult to make this fairly accurately. Indeed, a check can be made 
on the expected rate of « annihilation » events, this rate being about 0.47 per 
‘minute whereas the measured rate is 0.61 + 0.08. The estimate of the pro- 
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bability of detecting an «inner bremsstrahlung » event is more complicated, 
as the Compton electrons produced will only occasionally have sufficient energy 
to penetrate the three counters, G, G, G;. Scattering of the electrons is more 
important, and double processes have also had to be considered. Fig. 7a shows 
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ioe - à) Estimated total G counter efficiene sy. b) Function Z,, proportional to the 
photon differential energy spectrum. c) The product of the two curves, showing the 
bias in favour of detecting the higher energy photons. 


the estimated G counter efficiency ; Fig. 7b is the function I, of Prakash 
proportional to the inner bremsstrahlung differential energy spectrum (5); 
and Fig. 7¢ the product of the two curve es, Showing the range of photon energies 
accepted. From this area we find a total probability of detecting a radiative 


1462 


PHOTONS FROM THE RADIATIVE PION DECAY Lay) 


mode from a © in S, of 4.4:10-7. Multiplying this by the total acceptable number 
of T's stopping in S (Table I), and the probability that the photon did not 
interact in S or A before reaching G, (0.89), we have an expected number 
of events of 11.6. This figure must therefore be compared with the expected 
background of 17 and the observed total of 37 events. 


6. — Conclusion. 


The experiment has clearly detected y-rays from the radiative decay mode 
of the m-meson. The frequency and energy spectrum of these y-rays is con- 
sistent with the spectrum predicted by considering «inner bremsstrahlung » 
only. However, the statistical errors, background effects, u-meson detection 
limitations, and the difficulties of estimating the efficiency of the y-ray counter 
render impossible a sensitive test of the theoretical predictions. 
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RIASSUNTO (*) 


Si riferisce sulla rivelazione dei fotoni provenienti dal modo di decadimento radia- 
tivo dei pioni 7 +y+v+y. Pur essendoci molte incertezze nei valori finali, i risultati 
sono concordanti con la teoria V-A delle interazioni deboli e con le ricerche a mezzo 
di emulsioni nucleari sui decadimenti anomali x-u. 
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Summary. — The volume recombination coefficient of ions in liquid 
helium II has been measured down to 0.8 °K by a new experimental 
procedure. The results can be well interpreted in terms of the Langevin 
and Harper theories usually valid for ordinary gases, the excitations 
taking now the role of the neutral molecules and the superfluid phase 
the place of the empty space. 


Introduction. 


The experimental determination of the value of the coefficient of recom- 
bination in liquid Helium is important to test the validity of the present 
picture of the behaviour of ions in liquid helium, as electric charges moving 
in a gas of thermal excitations with which the ions collide. Also interesting 
is the possibility of measuring the ionic recombination coefficient in a liquid, 
using superfluid helium, which is probably the purest substance existing, and 
avoiding the difficulties due to the presence of impurities; a factor which has 
always plagued research in the field of ionic recombination. 


1. — Principle of the method. 


We have measured the volume coefficient of recombination of the ions in 
liquid He IT using a new and direct method. Essentially our method con- 
sists of sending two ionic beams of opposite sign one against the other, and 
measuring the loss of the charges suffered by each beam because of recom- 


() Work supported in part by Contract DA91591 EUC 1290 with the European 
Research and Development, U.S. Army, and in part by the C.N.R. and I.N.F.N. 

(**) Present adress: Istituto di Fisica, Università di Roma, Italy. 

('*) Present adress: The Clarendon Laboratory, Oxford, England. 
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bination. As may be seen in Fig. 1, on the silver electrode A, which is con- 
nected to the power supply, we deposited a very homogeneous and well defined 
layer of ##°Po, on an accurately measured rectan- 
gular area. In the liquid there will be a 0.2 mm 
thick densely ionized layer, from which it will be 
possible to draw a beam of ions of one sign, by 
means of an electric field. From now on we will 
refer to this source carried by electrode A with 
the name of « source 1». The electrode A can be 
moved up and down, parallel to itself, running in 
two grooves machined into the wall of the brass cell 
containing the whole apparatus. In front of elec- 
trode A, and parallel to its surface, there are four 
more silver electrodes of similar construction. The 
two outer ones, labelled G.H. are guard electrodes 
used to guarantee the uniformity of the field over Fig. 1. — Schematic cross- 
all the central region where the collecting electredes Section of the recombination 
B and @ are fixed. These two electrodes are the Ppatatus. G.H. are two 
È ï E È grounded guard electrodes, 
same in dimensions and construction, except that and Cleo IRA 
one of them, namely electrode B, carries a sourcein ted to the power supply. 
every way identical to source 1. Each one of these Electrodes B and C are each 
electrodes is separately connected to a vibrating separately connected to a 
reed electrometer and the output of the electro- Vibrating reed electrometer. 
meter goes to a recording unit, in such a way 
that it is possible to record simultaneously and separately ionic currents col- 
lected on each of the electrodes B and ©. Obviously on electrode C a cur- 
rent I, will be collected, due to the ions extracted from source 1, when, owing 
to the position of electrode A this source is in front of C, and no current will 
be collected in all other positions of A. On electrode B on the other hand a 
current J,, corresponding to the ions extracted from source 2 will be always 
read; and to this current will be added the current J, when the position of A 
is such that source 1 is in front of electrode B, but not directly facing source 1. 
But when the two sources are exactly in opposition, the total current measured 
on electrode B will be the sum of J, and J, minus as amount AI equivalent 
to the losses produced in the overlapping ionic beams of opposite sign by the 
recombination of the ions during the flight between A and B. Therefore the 
current measured on electrode B will be J,, 1,+1,, or 1,+1,— AI according 
to the position of electrode A. 
To correlate AZ with the recombination coefficient, we introduce the current 
density J— I/S, S beeing the area of the source, and write for the positive ion 


(1) vis = n+eu: E csi Ana eu+ E , 
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u, beeing the mobility and n, the average number density of positive ions, 
and An, its decrease due to recombination in the path between the electrodes, 


which are at distance L. 


(2) An. = nina At = nin-x 


and therefore 


We assume An, <n,. Then by definition 


usE { 


(3) Ji = Ji — en nal, 
C where J° stands for the current density 
Tale eK DE : : * 
he pos 2 with no recombina- 
at E-18V/em Of the positive tt wit : 
a tion losses. A similar expression will hold 
3 [ for the negative ions as well, 
x L i 
n 40- 
È (is) J_ = J°— enim al 
LL 
oN; and therefore 
GUT 
| | (4) Ad = 2en,n_al , 
reato | o 
20L | | from which 
| | 
L Ia fy*l, I; =h+*h-A] (5) Fa la Di us u_eE? 
à TR EN QE | 
L cover 
10 
[ The measure of A/ and of currents J, 
a ees ; and J, is therefore sufficient, at each field 
= 1 —d 
0 5 10 15 20 y intensity and temperature, to obtain the 
a MSI inn ionic recombination coefficient, by means 


measured on electrode B in the va- 

rious positions of electrode A; these 

positions are reported in arbitrary 
units on the X axis. 


separately registered on electrode 
operation of the apparatus. 


of the expression (5). Fig. 2 shows the 
currents collected on electrode B during 
a complete run of electrode A. It is evi- 
dent that these data are by themselves 


sufficient to determine x. The value of /,, 


C was used only to check the conditions of 


2. — Evaluation of the correction factors. 


In practice one is obliged to account for various departures from the ideal 
behaviour outlined above. Indeed there are, first of all, space charge effects 
which tend to reduce the ionic currents 7, and 7,, when the two beams do 
not overlap. When on the contrary they do overlap, the space charge effects 
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Qt 


‘ancel out, the ions of the beams being of opposite sign and almost equal in 
number density. The resulting effect is that the AZ directly read is less than 


the true one due to recom- 
bination. 

As shown in Fig. 3, if 
the applied field intensity is 
E, and E* is the value of 
the space charge field ob- 
tained with eq. (4) for the 
corresponding current den- 
sity, then the current ac- 
tually measured is smaller 
than the current one would 
have obtained in the absence 
of space charge effects, by 
the amount 1*. When the 
two ionic beams overlap, the 
current would therefore in- 
crease (instead of decreasing) 
if there were not recombina- 
tion. The observed AI is 
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Fig. 3. — Tonic current intensities measured on elec- 

trode B at increasing field intensities. The curve a is 

obtained when A is in such a position that only the 

current J, is collected on B. The curve db is the 

sum of currents J, and J, collected together on 

electrode B, but with no recombination loss. Z* is 
also indicated (see text). 


therefore the net result of the decrease of current due to recombination, and of 


the inerease discussed above. 


TETE EE 


The true AT is then the observed one plus 


Another group of corrections originate from the fact that the cross-sections 
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Fig. 4. — Experimental values of the volume re- 

combination coefficient « obtained at different field 

intensities. The crosses are the values calculated 

from relation (3) without the corrections for space 

charge and spreading of the beams. The final, cor- 
rected, values are the circles. 
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of the two ionic beams. are 
larger than the geometric 
area of the sources. This is 
because of the ionization 
produced by the «-particles 
shot out side-ways beyond 
the edge of the radio-active 
area, and because of the la- 
teral spreading of the ionic 
beams caused by space charge 
and diffusion. The enlarge- 
ment of the source produced 
by the beyond-the-edge ioni- 
easily calculated 
since the range of the a- 
particles in liquid He is 
well known. 


zation is 
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The effects of diffusion and space charge produce only moderate spreading 
of the beams in our conditions. The calculation of these effects is easily ac- 
complished since the ionic mobilities are known, and the diffusion coefficient 
can be deduced from the mobility by means of Hinstein’s relations. 

In any event our apparatus gives us also the possibility of a direct evaluation 
of the overall enlargement of the beams, comparing the experimental with 
the ideal corresponding figure one should obtain on the basis of the geometrical 
construction of the cell. 

All the above specified effects, except the enlargement of the source due 
to over-the-edge ionization are affected by temperature and by the intensity 
of the applied electric field Æ. In Fig. 4 we give the results of seven separate 
runs with different field intensities, all at the same temperature of 1.74 °K. 
It is to be noticed that the final values of « do not depend on the field intensity. 


3. — Experimental results. 


In Fig. 5 and in Table I we give a resumé of all the data obtained for the 
ionic recombination coefficient; these data in Fig. 5 are plotted vs. the 


4 = = = 1 1 il 1 1 1 sla air ra i ul 
0.50 0.60 0.70 0.80 0.90 1.00 1,10 1.20 
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Fig. 5. — Volume recombination coefficient of ions in liquid He vs. the inverse of 

absolute temperature. The upper and the lower lines give the values caleulated from 

Langevin’s and Harper's theory respectively. The central curve is the best fit of our 
experimental results. 


inverse of absolute temperature. The general behaviour is an exponential 
increase of x with the reciprocal of absolute temperature, which is like the 
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dependence of the ionic mobility on temperature in liquid He II. This increase 
can be represented by the expression: 


(7) RATS) TE 


with 4/k=8.7°K, and k is the Boltzmann constant. 


TABLE I. — The experimental values of the recombination coefficient « [em“/ions s] at 
different temperatures T [°K] and applied fields E[V/em]. 
| 
7 E x Ab E x 
2.0 66.6 el Ake! 166.6 8.01:10-7 
2 90.9 1.23 107° 
ine a 1.40 18.9 683-107 
199.0 1.09-10-7 ee 7.81:10 7 
90.9 1.27-10-7 SEO 6.46 1075 
i= E =H 
| DE DIE te ve 190.0 1.37-10-8 
| 15.0 1.39-10-? 208 1.53-10-6 
| 9.3 1.25: 10-7 63.5 pete KU 
| 1.28 42.0 172010 
18.9 1.411056 | 
705.0 Moe AE 6.6 TRANI 
500.0 2.04 -107? = = 
| 1.74 350.0 Dike OS 49.0 MES TELUS 
166.6 1.78 -1077 1923 30.3 PAS OS 
63.5 Coloro 9.3 1720 
50.0 1.88-1077 - - - 
6.6 1.96-10-? 29.9 6.91-10-5 
1.05 1158 5.90:10-6 
E 9.3 6.33-10-5 
66.6 SRONCILO= dra 
1.6 18.9 S 000 49.0 1.23-10+5 
6.6 52221081 0.98 30.3 1250210 
n 18.9 1.40-1075 
9.3 EZIO 
180.0 4.51-10-7 
1.49 166.6 AIDA 0.87 19.0 CS) NONO 
18.9 4.76:10-7 93 5.01-10+5 
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This is what one gets if one tries to fit all the data with a single straight 
line. But it is evident that a better fit of the data can be obtained by using 
two straight lines of slightly different slopes at high and at low temperatures 
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(actually between 2 °K and 1.3 °K with A/k of 8.3 °K and at temperatures 
lower that 1.3°K with a second slope of 9.9 °K). 

Looking closely at the mobility data obtained by MAYER and REIF (1) it 
can be seen that also the experimental points of the mobility obtained by 
these authors between 2 °K and 1.3 °K fall on a line with a slope smaller 
than the points between 1.3 °K and 0.8 °K. That it should be so is readily 
explainable in terms of the decrease of the Landau energy gap, so well shown 
by the neutron diffraction experiments, and usually accounted for in terms of 
non ideality of the «roton gas». Anyway the increase of steepness in the 
mobility plot is very small and insufficient to explain the observed increase 
of «. 

Let us now try to explain our results in the frame of our general picture 
of the behaviour of ions in superfluid helium. 


4. — Discussion of the results. 


To understand the meaning of our results we must notice that the densities 
in the ionic beams of our apparatus are of the order of 107 ions/em*. The 
average interionic distances are therefore 2 to 3 um. The average distance dy 
at which the attractive electrostatic forces between ions of opposite sign pre- 
vail over the effects of thermal agitation, so that the ions are dragged closer 
and finally recombine, can be calculated from the relation: d, = 2e?/3kT sug- 
gested by THOMSON, and give a value four to seven times smaller than this average 
interionic distance. Therefore most of the movement of the ions takes place 
at a distance greater than d,, and consists of a disordered thermal motion with 
a unidirectional drift in the external field. During their movement the ions 
collide with the thermal excitations exchanging with them kinetic energy and 
momentum, but do not collide with the superfluid phase (2). When, by ac- 
cident, an ion in its wandering comes nearer than d, to an ion of opposite sign, 
the ions start drifting one towards the other, until the charges recombine. 
A process like the one outlined above is met in the volume ionic recombination 
in moderately compressed gases, to which Harper’s theory applies (3), the only 
difference being that the «gas of excitations » takes now the place of the gas 
of neutral molecules, and the superfluid phase takes the role of the empty 
space between the gas molecules. Harper’s theory gives for the recombination 


() L. MAYER and R. Rerr: Phys. Rev., 110, 279 (1958). 
(*) See the review article by G. CARERI in Progress in Low Temperature Physics, 
vol. III (Amsterdam, in the press). 


(3) W. R. HARPER: Proc. Camb. Phil. Soc., 28, 219 (1932); Phil. Mag., 18, 97 (1934) 
20, 740 (1935). 
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coefficient the value: 


(8) On = Wee(u+ + pw), 


where e has generally a value near the unity. Harper’s result is rather close, 
at it is well known, to the Langevin’s one which is the preferential recombi- 
nation coefficient at very high pressures (4). Langevin’s result is: 


(9) Ce = Anelu Lu). 


In Fig. 5 we have drawn, in addition to our experimental results, two con- 
tinuous lines. The lower curve gives Harper’s « calculated from the exper- 
imental mobility values of Mayer and Reif taking e—1, and the upper curve 
is calculated from Langevin’s expression. Our high temperature data in the 
interval 2°K—1.3 °K fall on a line parallel to Harper’s but are higher in 
value, what would lead to a value of e somehow larger then unity. The low- 
temperature part of the experimental curve instead approaches the value 
obtained using Langevin’s formula. Since the « Thomson distance » d, in- 
creases as 7° decreases, this possibly means that at temperatures lower than 
1.3 °K, d becomes comparable with the mean interionic distance in the ionic 
beams, so that the ionic plasma approaches the situation assumed by Lan- 
gevin in his theory. In other words it turns out that the Harper’s and Lan- 
gevin’s expressions are the two limiting laws for respectively large and small 
values of the average interionic distances with respect to do. 

The good agreement with the Harper and Langevin theories which are 
valid in gases for ion-ion and not for electron-ion recombination, confirms 
once more the massive model of the negative ion already suggested by us in 
a previous paper (5). 


5. — Concluding remarks. 


We want to emphasize the extremely small scatter of the experimental data 
if compared with the best recombination measurements obtained in gases. 
This fact is presumably due to the very high purity of liquid He II, in which 
the only extraneous substances can be the isotope of mass 3, and even this 
impurity, amounting to less than one part in a million, should not affect our 
results at temperatures higher than about 0.5 °K. 


(4) For a general revue of the subject of recombination in gases, and in particular 
; + se “7 x a or |] it à Fa . nega Iroanroeeee n 
for Harper's and Langevin s theories, see for instance L. Lorn: Basic Processes of 


Gaseous Electronics (Berkeley, 1955). . 
(5) G. CarERrI, U. FasoLi and F. 8. GARTA: Nuovo Cimento, 15, 774 (1960). 
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Also noterworthy is the fact that the absolute magnitude of the recom- 
bination factor is such that an ionic plasma as superfluid Helium does not 
decay very quickly, and therefore collective effects (for example plasma oscil- 
lations) might have time to originate and eventually to be observed. 

Finally we note that the coefficient of recombination that we have measured 
is the volume coefficient of recombination, and therefore it cannot be used to 
calculate the recombination of the ions generated along the track of an x-par- 
ticle. But when the source of ionization is a B-emitter, the ions are generated 
in rather widely separated pairs, and the situation in the area of the source 
should not differ too much from the one met in volume recombination, with 
the exception that most of the ionic pairs are separated by distances lesser 
than do. This situation is identical to the one called preferential recombination 
to which Langevin’s theory applies. Therefore we think very likely that the 
coefficient of recombination in f-irradiated liquid helium assumes the value 
of eq. (9). 

This method can be extended to other non-conducting liquids, if they can 
be made sufficiently pure. 


RIASSUNTO 


Il coefficiente di ricombinazione di volume di ioni in elio II è stato misurato con 
una nuova tecnica sperimental fino a 0.87 °K. I risultati possono essere bene inter- 
pretati in termini delle teorie di Langevin e di Harper valide per i gas ordinari, ma 
ora prendendo le eccitazioni al posto delle molecole neutre ed il superfluido al posto 
de 11 spazio vuoto. 
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Pion-Hyperon Scattering. 


M. M. ISLAM 
Department of Physics, Imperial College - London 


(ricevuto il 12 Gennaio 1961) 


Summary. — A dispersion theoretic technique, suggested by FELDMAN, 
MATTHEWS and SALAM, is used to derive the static equations for pion- 
hyperon scattering and it is shown that the inclusion of the K.N° channel 
does not change the conclusions on the J=3, [=1 p-wave, x-Y reso- 
nance, given by AMATI, STANGHELLINI and VITALE and by Capps. 


1. — Introduction. 


FELDMAN, MATTHEWS and SALAM (!) suggested that we may write down a 
dispersion relation for the quantity B,,(7,,), where 77, is the amplitude for 


J=1+ + scattering and B,, is the corresponding Born amplitude. Now, uni- 
tarity gives Im (7,,)-!=—k on the right-hand physical cut (S,=1-+2ik'T,k?). 
So, if the approximation of neglecting the left-hand cut can be made, then, 


we have the dispersion relation 


O— Wz P| B,:(w')k' dw’ 


(== wo) = oe 


(1) Biz (oy) Re (TE (o)) = 1 = 
where @, is the pole of the Born term and a subtraction has been made 
at this point. Using eq. (1) FMS (!) reproduced very simply the Chew- 
Mandelstam result on x-x scattering and the Chew-Low equation for the (3, 3) 
amplitude in the z-N scattering. 

In deriving the static equations for z-Y scattering in Section 2, we shall 
take into account the X-A mass difference and we shall find that B,, (w) breaks 


(1) G. FELDMAN, P. T. Marruews and A. SaLam: Nuovo Cimento, 16, 549 (1960). 


11 — Il Nuovo Cimento. 
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up into two or three terms, the poles of which are different. A slight gener- 
alization of (1) is then necessary. For example, if B,,(@)= =B*, (w) +B ,(@) 
where Bi, (@) has the pole at m=@,, and Bi,(w) at © = , then we take 
the dispersion relation 


Dye Bio Rei AE Pls Zn Ee 


1 o (bw) 


D — We P| Bî,(0')k'do' 
I (w'— w)(w'— 2) | 
In Section 3, the position of J=3, I —1 p-wave resonance is determined 
when effects of K.N channel are included and it is found that qualitatively the 
position remains the same as that given by AMATI, STANGHELLINI and VI- 
TALE (2). In Appendix I, we derive the 7-Y static equations exactly in the 
Chew-Low (*) form, reproducing very simply the results of Capps (4). Static 
equations for x-Y scattering, with somewhat different approximations, have 
been derived by Capps and NAUENBERG (*). In Appendix II, a brief discus- 
sion on the condition for resonance and on how a closed channel can affect 
the position of resonance of an open channel, is given, taking the two channel 
case as a simple illustration. 


2. — The pion-hyperon static equations. 


AMATI, STANGHELLINI and VITALE (6) have studied the low-energy pion- 
hyperon scattering in the static limit, using a field theoretical model which 
takes into account the X-A mass difference and the possible inequality of 2x 
and Ax coupling constants. Using our dispersion technique, we can reproduce 
their results very simply. 

Since ASV discuss their results in terms of the A-matrix we introduce it 
also in our discussion. The A-matrix, in our case is given by 


(3) K = k}(0)- BH where C= B Re T-1. 


Let us first consider 


D. AMATI, A. STANGHELLINI and B. VITALE : Phys. Rev. Lett., 5, 524 (1960). 


) 
) G. F. CHEW, M. L. GOLDBERGER, F. E. Low and Y. NAMBU: Phys. Rev., 106. 
(1957); G. E. Carw and F. E. Low: Phys. Rev., 101, 1570 (1956). 
) R. H. Capps: Phys. Rev., 119, 1753 (1960). 

) R. H. Capps and M. NAUENBERG: Phys. Rev., 118, 593 (1960). 


(9) D. AMATI, A. STANGHELLINI and B. ViraLe: Nuovo Cimento, 13, 1143 (1959); 
horeafter referred to as ASV. È 
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In this case, the Born approximation is given by 


wo=W—ma, A=my— MA, 


The first term has the pole at w= 2A while the second term has it at m= A. 
Following our dispersion representation (2), we have 


ij) = Dy 12 13 do 
(4) Ci = 1 (© =| (5 n) i k'* do 
(0 


TT 2A)2 (w'— w) 


= Ait sh), AE INI 


I (w'— A)? (0'- ©) 


where 1 = (3x) | h' da’ /a@'(w'—w) and we have put 4 =0 inside the inte- 
eral, following ASV. Comparing our results with that of ASV, we shall find 
that ©} is exactly DI of ASV. 

Now, using eq. (8), we get 


‘ 2 9 42 
2 k A 2fs 


o = ~ 
(5) (Det pe ee a 


(Red — kb cote), 


which is the same as that of ASV, if we neglect quantities of the order 4/474 
in the numerator. 

Next, we consider [=1, J=3 p-wave. Now, we have two channels, and 
the Born approximations are given by 


2 hi Î 
Bees 2, A | > 
Bxs ky ie a GRIM 
24/2 fafa 
(6) Bba = — yz, 
2 fi 
Ba 5h, —è 
dice VA 


Correspondingly, we have the following dispersion representations: 


Cr = 1+ (w— 2A) 2f, [—2(@ — A) fT 
(7) a= Che = 2V2 fg fol, 
C= t= 2@s Al 


From (3), we find that the elements of the K-matrix contain Det C in the 
denominator. From (7), we come out with the result that Det C* is exactly 
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equal to Di of ASV. We now have 


OO 


ele os ka 
8 in i+ © + FEE 


If we, again, neglect quantities of the order 4f*IA in our numerator as 
well as in that of ASV, we arrive at the same result. This happens for all the 
other K-matrix elements, so that we shall just write down the Born matrix 
and the corresponding dispersion representation taken by us. 


J=3, l=1, 


2 
2 A fs 
2 2 | 
Bi gel Coes Ay? 
1 — 


Où = Lo 24) TE AT 6 
TOT CE 6 
n A( DL 

à 3g ZA re AI 


Co =1+(0—24)f,I+ 20f.I-2(0— ART 


JE Il, JTE = 1, 
AE Ts 

Bis = 2 = = ? 

FE 3 \w — 24 i 

Li = 1— (w — 24)f*, a T( (© MIR 
V2 Lee 

ISIN “| tata, 
5) (a0) OA 


Cis= v2fshI{-0+3@— 4)}, 


ee a 3 
Be | aie d 
AA Di fa 0) + A COs 3) ; 


O ,=1+(0+4f1+30—-4)fI, 


If we calculate Det C1, we again get the result that this is exactly equal 
to DI of ASV. 


2, J=}, L=1, 
A 2 2 
pata | 
3 WIE] (ay) = Al ? 


C=14(0— 2A)f. I + (@ ai 


(") Of, 03 and Cj are respectively equal to Di De and sD Polen BI 
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Summarizing, we may say that if we neglect quantities of the order of 
4f*IA = f? 4/2 compared to f? in our numerators, we get the same equations 
as those of ASV. Since our denominators are exactly equal to those of ASV, 
so the position of any resonance predicted by them will also be given by our 
procedure at the same energy. 


3. — Effect of the K.N channel on the position of 7—1, J—3 Y-r resonance. 


Recent experimental analysis (?) of pion spectra in the reaction K +4 p > 
>A+nt+7n seems to indicate a Ar resonant state in /= 1. It has already 
been pointed out by Capps (4) as well as by AMATI, STANGHELLINI and VI- 
TALE (2?) that for 3fi<fi<2ff; a m-Y p-wave resonance is possible only for 


J=3 and I=1 or 2. The position of the 1 —1 resonance, given by AMATI 


et al. (?) is 

1200. fa —f 
9 pd = Q— ——-5A 0=35 =, 
4 4 25956 fa + fs 


dd 


It is, therefore, interesting to see how far the position of this resonance is 
affected by the presence of the K.N channel. This resonance can show up 
in the K+p->Y+r production process (#7). 

The other resonance (J = 2) occurring at 


wo” = 2+3A+ 464 
shows up only in processes like 
K°-+p7>X°+nt4+n-. 


To investigate the effect of the K.N channel on the position of the 1 =1 
resonance, we have to calculate Det C taking into account the K.V channel. 
In this case, the K-matrix is a 3 by 3 matrix 

The Born approximations are 


BNN = 0 ’ 
4 / my ÎNIZ 
B è ks = 
(10) ni 3 Ca “Ai Lo di 
24/2 mx \? ÎN 
Bya 3 a KNKA SLA 


(7) M. Ross: Phys. Rev., 112, 986 (1958); Y. Nogami: Progr. Theor. Phys., 22, 
95 (1959). 
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Correspondingly, 

Cry =1, 

Ops =—(@— 4)4ggfy1h, 
(11) Ca — — w24V2g\ fx. 
where 


I, 


I 
1 f kyk? do’ 
i bj 

31) ©'*(o'— ©) 
op 


©, = threshold of the K.N channel; gy, g, are the KX, KA coupling constants, 


Cy == (© = A)495.f pT, ; 
Can = — w2/2 Int wle ; 
where 
ae! kek! do’. 
= Bra) ola =o 
OT 


We now have, for J= 3, I=1, 


(12) Det C = D; — 16 (© — A) of. fp LL, — 8o*fg LI, , 
neglecting other higher order terms. Here D! is that given by ASV. One 
now comes out with the result that the position of the (J= 3, I —1) reso- 
nance is given by 

F — A 200 / 
(13a) ae 9LATA/2 "3 0A 4Acy 


3 + 205+ ca 


where 


ee (ae 22) MT Gaus ieee 
fi I2 fi I2 ) 


We can rewrite (13a) in the following form 


(135) Ae IT 5(0-34)-%(0-9). 


The last two terms represent the effect of the KN 


channel. To estimate cy and 
€,, we have evaluated the integrals J 


1 and I, using a cut-off at baryon mass and 
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putting wm — 0 inside the integral (*). Also, we have taken the effective ranges 
for pion-hyperon and pion-nucleon resonance to be equal, as a first approx- 
imation. This gives 


m 


Ode "do 
RTE pee | LE 
It 


We then find 


This shows that even if the K.N coupling constant is comparable to that of 
the z.V, the correction due to the K.N channel is small (< 5 MeV). 


4. — Discussion. 


The Chew-Mandelstam technique (§) of finding the scattering amplitude is 
to write T= N/D, where N contains the left-hand cut and D contains the 
right-hand cut. The FMS technique is to write a dispersion relation for BT-1 
using the analyticity property of partial wave amplitudes. In the case where 
N is approximated by the Born term (°) and we keep only the right-hand 
physical cut, both these techniques give the same result. 

A complete dispersion relation for B,, (7,.) or for that matter, for any 
T,., in the S(— W?) plane should involve not only the first Riemann sheet 
(VS=+W) but also the second Riemann sheet (V/S=—W). This is evi- 
dent, when we write a dispersion relation in the W-plane, where we have not 
only the physical right-hand cut, but also a «left-hand physical cut » (19). In 
the S-plane this «left-hand physical cut» goes to a right-hand cut on the 
second Riemann sheet. Of course, this cut is related to the right-hand cut 
on the first sheet by the reflection principle (1), 


f.(8) =—fow Su) VE=+W, VSG=—W. 


In all cases we have discussed, the pole of the Born term is near the right- 
hand cut on the first sheet, so that Born is dominating and to neglect all other 


(8) G. F. CHEw and $. MANDELSTAM: Phys. Rev., 119, 467 (1960). 
(9) J. D. BJORKEN: Phys. Rev. Lett., 4, 473 (1960). 
(10) W. R. Frazer and J. R. FuLco: Phys. Rev., 119, 1420 (1960). 
(11) S. W. MacDowELL: Phys. Rev., 116, 774 (1960). 
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cuts (including the right-hand cut in the second sheet) can be taken as a first 
approximation. However, for a partial wave for which the pole of the Born 
term does not lie near the right-hand cut on the first sheet, as in the S-wave 
K.N processes, this approximation does not work. 


* * * 


The author is greatly indebted to Dr. P. T. MATTHEWS for many valuable 
discussions and for guidance. He wishes to express his gratitude to Professor 
A. SALAM for his constant interest and helpful advice. A Commonwealth Schol- 
arship by the Royal Commission for the Exhibition of 1851 is gratefully ac- 
knowledged. 


ANP Pia Dis IL 


Capps has investigated the possibility of a J = à, /= 1 resonance in pion 
hyperon scattering by considering orthogonal combinations of 7+ Z and a + À 
states. These combinations diagonalize the Born amplitude. In our case, if 
the Born amplitude is diagonalized then 0’ (=BT-1) is diagonalized, so that 
T= B/C' is also diagonalized. 

These combinations are (*2) 


1 


vw= pap LV lava = fava]; 
1 = 
Ys — (+ 20 [foPiaat = V2faYisat] F 
au Hil 


The Born approximation for the scattering in these two states is given by 


4 k? 
B, = = (fa +5) = — 
Tr 9 (JA fs) 3 (a) ? 
2 k2 
B,=— faz —. 
MS 
Using eq. (1) we now get (#1), 
Ak? cot è, 
© =] — OT, » 


[42] 


a ; See È 
(72) Our combinations have opposite signs 


1 in the middle to thos 
our non-diagonal Born element By, has opp tae seg ar a 


osite sign. 
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Be k'*do' 
= 
* a J w(w'— aw) ’ 


da=HPA+ S84, for a=r, 


=—8fr; LOT 


where 


We find that for a=r, r, is positive, so that we can expect a resonance at 
o=1/r,. For «=s, r, is — ve; so there does not occur any resonance. 
Putting f\= fx = f, we find that the scattering in the state y, corresponds 
to the (3,3) pion-nucleon scattering and the resonance is just the analog of 
he (3,3) pion-nucleon resonance (!). However, it is worth noting that its 
appearance does not depend on the assumption of global symmetry. The 
scattering in the state y, corresponds to (1,3) pion-nucleon amplitude. We 
Shall now obtain the (3,1) and (1, 1) amplitudes for x-Y scattering. 
Assuming fa=fs=f, the (3,1) and (1, 1) «-Y states are given by (7°) 


iL 3 
ve = 7g (VE pins vara]; 


I È. 
isa v3 [Yiaa—-+ V2 Vis 1 ] . 


We again get 


À,k3 cot ò 

*=1—or,, 
o 
where for 
È ae ae 2 fi 
| x — rs Ay + Ab 

Ses = 8 

X—S, RE EE 


and r, is given by the same expression as before. «=r’ corresponds to (3, 1) 
amplitude and «= s’ to (1,1) amplitude. 


ACP Pann exes LI 


For the two-channel case, we may write (14), 


(18) D. Amatr and B. ViraLe: Nuovo Cimento, 9, 895 (1958); M. GELL-MANN: 
Phys. Rev., 106, 1297 (1957). 

(14) P. T. MartHEwS and A. SALAM: Nuovo Cimento, 13, 381 (1959). A detailed 
discussion on the K-matrix formalism has been given by R. H. DaLItz and S. F. Tuan: 
Ann. Phys., 10, 307 (1960). 
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when both the channels are open. The Æ-matrix, in this case, is given by 


{A2.2) ktK-1kt = ( ) . 
€ b 


If we now define the condition for resonance as the vanishing of the denom- 
inator of the K-matrix elements, as has been used by ASV, we have 


(A2.3) HD) = 6 = Ys 
However, there are two other ways of defining the condition for resonance. 


One is to take 


Re (Det 1), 
which gives 


(A2.4) ab —@—k,k,=0, 


while the other is 


a 
(A2.5) Re (7) =i. 


which gives the position of resonance for the «11» process as 


(i) (ab — c?)b + kga= 0, 

for the «12» or «21» process as 
(A2.6) (ii) ab— @?— kk,=0, 

and for the «22» process as 

(iii) (ab — c?)a + kib=0. 


If we neglect the momentum dependent terms, we find that (A2.3), (A2.4) 
and (A2.6) are the same. 


_Let us now suppose that channel 2 is closed. Then, if we completely ignore 
this channel, the condition for resonance for the «11» process is 


(A2.7) (=. 


If, on the other hand, we take into account the presence of channel 2, by 


making the continuation k; —i|k,|, the condition for resonance becomes, in 
the A-matrix formalism, 


(A2.8) a(b+|k,])—e=0. 
If we neglect the momentum dependent term, we get, 


(A2.9) i SEV, 
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If the coupling between channels 1 and 2 is weak, then «e» is small, so that 
(A2.8) or (A2.9) gives essentially a = 0 as the condition for resonance. For 


Strongly coupled channels, however, we can expect considerable deviation 
from aw 0. 


RIASSUNTO (*) 


La tecnica terorica di dispersione, suggerita da FELDMAN, MATTHEWS e SALAM, 
è stata usata per derivare le equazioni statiche per lo scattering pione-iperone, e si 
dimostra che Vinclusione del canale K.N non cambia le conclusioni sulla risonanza 
eG, (oO Of — 3, I= 1, dell’onda p, esposte da AMATI, STANGHELLINI e VITALE e da 
CAPPS. 


(*) Traduzione a cura della Redazione. 
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(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori). 


Polarization of p in pC Seattering (*). 


P. K. SRIVASTAVA 


Enrico Fermi Institute for Nuclear Studies, 
Department of Physics, University of Chicago - Chicago, Ill. 


(ricevuto il 23 Dicembre 1960) 


It has been shown by SakuRaï (!) that it is possible to explain the repulsive 
core and the spin-orbit force in nucleon-nucleon scattering, by the introduction 
of a vector mesonlike 37 resonance in 7=0 and J=1 state. We use the parameters 
obtained in this analysis to estimate the polarization of antiprotons scattered from 
a carbon target. The parameters are, mass of 37 resonance =3 pion masses and 


coupling constant f?/4r7=3.5. The WoLFENSTEIN (2) C amplitude can now be 
‘written down for one-vector-meson exchange graph of pN scattering. 


Je Ss { ka | sin 0 
C — i 1+ —_ k 
4a 2H Il 3(E + m)2f Lo — ® 
and 
2 
ty = 1 +4 sE 


where k and E are the antiproton momenta and energy, in the c.m. system of 
pN. respectively, and x is the mass of the conjectured 32 resonance. 

We now use the optical model to calculate the scattering amplitude of p from the 
C nucleus. The central potential is gotten from experimental analysis (3), and the 
spin-orbit potential is calculated (*) from the known © amplitude. If 


VE = —(u+ iv), V Ai J y 
Pelt) + Vis ui, r dr a(r) |= (+1) i 


* 


1 


(*) Work carried out under the auspices of the U.S. Atomic Energy Commission. 
0) J i | 
@) 
() 
() 


J. SAKURAI: Phys. Rev., 119, 1784 (1960). 

L. WOLFENSTEIN: Phys. Rev., 96, 1654 (1954). 

A. G. GLASSGOLD: Prog. Nucl. Phys., 7, 124 (1959). 

W. B. ROSENFELD and K. M. Watson: Phys. Rev., 102, 1157 (1956). 


3 


4 
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then 
Vis i — QI M,(0) 


EI 
M D 
D I Les 
rer pe 
7 Er | M 


where 


1 C5x(0) + C5,(0) 


ne 2i sin 6 


and 


where R, is the radius of the nucleus, x, the mass of the pion and M the mass of the 
nucleus. 
If we use the square well for the nuclear shape, 


Vex OR) ja ud) 


nie 


The phase shifts are then (5), 


bw sk 1 
26% = Ca) KRS, S7 
di 


where 
-40 


J | P(6)% 


k is the c.m. momentum of p in the pC c.m. 
system. 
The scattering amplitude is now 


-20 


f(0) = g(8) + o-nM(0) , 


O) © FO 
where 10720 30 
i ®c.M(deg ) 
9(0) STR > [(2 Alert] ag aL my ]Pi(cos 0), Fig. 1.—p polarization pC scattering 
i 2ik 0 at 160 MeV/c. 


(6) S. FERNBACH, W. HECHROTTE and L. V. LEPORE: Phys. Rev., 97, 1059 (1955). 
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and 
[ce] d 9 
h(0) TH > Dur = di P,(cos 0) , 
kin" Keout 
= 
ki fes 
-100 =î all | Polarization is given by 
(6) 2 Re gh* 
(9) = ——— . 
PY mm gee LI, 


When calculation is carried out for 
-50+ +  pO for lab. energy of 160 MeV, we get 
an average polarization of 114%. 


Estimate of pp polarization. 


| I i In pp system as both particels have 
20 40 spin, the scattering matrix has more 
8c.M. (deg.) terms and we can now write 
Fig. 2. — p polarization in pp scattering at | 
1.6 GeV/c lab. momenta. Pi, 2 Ke CAE); 


where C and A are the spin orbit and central terms respectively and B is the 
coefficient of o,:nop:n. If we assume, just to obtain an estimate, that B < A for 
forward angles, we can again use the Bara = = 2 
above model to estimate the polarization. 4 
We get on calculation, at 1.6 GeV/e lab. 80 

momenta, an average polarization of | 
39%, between 5 and 20 degrees lab. 
angle. Considering the crudeness of this 
estimate, it may not be inconsistent with 
the experimental value (5) of (0.48 +0.95) 
between 6° < 0 < 26°. It should be noted 
that the spin orbit term is purely real. 


do/d&(mb/sr) 


Fig. 3. — Differential cross section of pp at 


1.6 GeV/c momentum. a Cork, LAMBARSTON, 
WENTZEL, ARMENTEROS and CORBES; Ò BC: 
MAGrié. Solid line is on our model: dashed 

line is due to GRIEDER and GLASSGOLD. 20 60 100 140 180 


8c.M. (deg) 


Kok ok 


The author wishes to thank Professor J. SARURAI for suggesting the problem 
and for help throughout the course of this work. | 


(°) B. C. MAGLIO: UCRL-9336 (unpublished). 
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1° Aprile 1961 


Observation of a Hyperfragment Decay by =° Emission. 


I. R. Kenyon 


Clarendon Laboratory - Oxford 


(ricevuto il 27 Dicembre 1960) 


The A-hyperon decays by 2 
modes 


major 


A->r+4p, A+>r®+n, 

with a branching ratio of about 
2:1. Many bound hyperon decays of 
the first mode have been observed. 
The second mode could be detected 
in a number of ways. The real photons 
from 


a rie 


may convert near the point of decay. 
This is unlikely because the conversion 
length in emulsion is about 3.97 em, 
and has never been observed. AMMAR (1) 
has presented statistical evidence for 
the existence of 


4He, >7n°4+4He . 


With this mode a recoil of unique 
range 8.9um in emulsion is expected, 
so that the hypernucleus and _ recoil 
resemble a prong with a scatter. AMMAR 
observed the number of recoils between 8 
to 10 um on prongs of Z=2 from K-- 
stars. He found there to be more than 
could be expected as a result of scattering. 


(1) R. G. AMMAR: Nuovo Cimento, 14, 1226 
(1959). 
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Another possibility for detecting the 
7° decay of the bound hyperon is if 
the 7° decays with internal conversion 
of one of the y’s: this mode is only 
1/80 times as frequent as the 2y mode. 
Levi-SerTI and SLATER (2) have reported 
one such event from a Z=2 hyper- 
nucleus according to 


“Hie, > r05-“He, 
or 


45He\->r°+n+*4He. 


An event somewhat similar has 
been found in an emulsion stack of 240, 
.6 mm, 6in.x10in. Ilford K-5 pellicles 
exposed to the enriched K~ beam of 
the Bevatron in January, 1959. A 
projection drawing of the event appears 
in Fig. 1. At A a K is captured at 
rest, a LS” is emitted which comes to 
rest after 1.24mm and is captured 
at B. This gives a steep prong of 
99.5 um and a short 5um prong. The 
steep prong is identified as a hyper- 
nucleus which terminates at C in a 
flat stub (R) 2.4um long and a pair 
of minimum tracks (e, and e,) diverging 
at 14°. 


(2) R. LEVI-SETTI and W. E. SLATER: Phys. 
Rev., 111, 1395 (1958). 
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e, and e, were identified as electrons 


by ionization and scattering meas- 
urements 

g*(e,) == 0.96 +0.09 > 

g*(e) = 0.94+0.05, 


pBele,) = (20.744) MeV, 


KENYON 


scattering displacement is 0.25 um for 
the slow electron. These lines lie within 
0.1 pm from the centre of each grain 
and give an intersection at 0. The =a 
is identified as such by integral gap 
and scattering measurements. These 
give a mass of (1.8+0.6) proton masses 
compared with the accepted value of 1.3. 


phe(e:) = (93.6+10) MeV. Table I contains the ranges, energies 
r__—_——®ar_-< 
0 10 20 
Scale in pm 
"INT DA RO ME I 
“1 HE \ | 
B 
Fig. 1. — Projection drawing of a hyperfragment decay by x° emission. 


The scattering was performed over 
Imm and 5mm, the grain count over 
0.5mm and 2mm respectively, all in 
the same plate as the event. A cor- 
rection to pfe for ionization loss over 
the track used has To 
detect whether the electrons diverge 
from ©, drawings have been made 
using a projection microscope and the 
vertical separation of one track from 
the other measured. The latter gives 
the sensitive test because the 
divergence is mostly in the vertical 
plane with one electron very flat. Best 
line fits were made to the first 25 um 
of track, over which distance the mean 


been made. 


more 


and directions of the prongs from the 
hypernuclear decay and Y-capture star. 

It is impossible to fit the hyper- 
nuclear decay kinematics by a 2-body 
m-decay because the electron pair 
have high energy and are close in 
direction to the recoil (R). If we allow 
a Single neutron then the decays 


347, >n+7°+23H , 
4,5He,>n+7°+%4He , 
are possible interpretations. The mo- 
mentum of the recoil is poorly deter- 


mined except for ‘5He,. For these 
the range-momentum curve at short 
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N 


TABLE I. — Description of stars. 


ranges can be normalized to fit decays 
of the type 


Hypernucleus + r- + p + recoil, 


which are quite common for ‘5Hey,. 
©8Li,y decaying in the one-neutron mode 
are also possible assignments but: not 
heavier hyperfragments. On extending 
the analysis to 2 or 3 neutron modes 
we can fit in addition 7He, and *Li,. 

As the visible momentum is closely 
directed to e, the allowed directions 
of the 7° in the single neutron analysis 
lie almost on a cone with e, aS axis. 
For ‘He, the angle between the 7° 
and e, varies between 19° and 22° and 
the r° energy between 23.4 and 24.9 MeV. 
The opening angle of the electron pair 
in the rest system is then 23°+ 6’. 
Datirz (3) has shown that half the 
opening angles of internal conversion 
electrons are < 16° and that the prob- 
ability in this region falls off as the 
reciprocal of the opening angle, so 23° is 
quite reasonable. Similar results follow 


(®) R. H. Datirz: Proc. Roy. Soc., A 64, 
667 (1951). 


12 - Il Nuovo Cimento. 
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Particle | Range or energy Dip Azimuth 
e; (20.74 4 )MeV 10°43/+ 31! 3° 6/46 
ey (93.6+10 ) MeV —2°40'+ 35 | 0° 
Recoil (R) (2.4+ 0.2) mu he EY | lee 
Hypernucleus (99.54 1 ) mu 81° 30'+ 10’ où 
Recoil (4.94 0 ) my — 38° 56/+ fie 140° +~92° 


for the other single neutron interpre- 
tations. The single neutron analyses 
are possible throughout the estimated 
range of errors tor *%4H, and ‘Hey. 
Any considerable radiation loss by 
either electron would spoil the fit. 
For the 93.6 MeV/e electron the average 
radiation loss in 5 mm is calculated to 
be 18 MeV. No large scatters occur so 
we expect it to be much less than this. 

Some information on the nature 
of the hypernucleus can be got from 
the *-capture. Z>4 interpretations 
are excluded if the capture occurs 
on a heavy emulsion nucleus and Z>3 
excluded if it occurs on a light emulsion 
nucleus. 


* ok ok 
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and Dr. J. H. MuLvey for reading and 
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8t->y Angular Correlation in the Decay of ?°Na. 


B. N. SuBBA Rao 


Tata Institute of Fundamental Research - Bombay 


(ricevuto il 24 Gennaio 1961) 


Recently much interest has been aroused in the study of allowed (-transitions 
in order to look for weak magnetism contributions (1) and other second forbidden 
matrix element contributions (2) to the allowed §-decay. Regarding the §*—vy 
directional correlation with 2*Na, STEFFEN (*) found an anisotropy (with the selection 
of positrons of energy 3C0 keV) of — (0.0027-+0.0004), and DANIEL and Eakins (*) 
obtained an integral (Hg > 100 keV) correlation anisotropy of — (0.02+0.002) and 
differential correlation anisotropies whose energy dependence could not be established 
definitely. It appeared possible to account for certain contributions due to electron 
(or positron) scattering and annihilation quanta and thus to obtain more definite 
results in both differential and integral angular correlation. So, in view of the 
importance of such results, these measurements have been made. 

A fast-slow coincidence system, employing RCA 6810A photomultipliers, with 
a resolving time of 26 ns was used. The y-detector was a 1 }in. x1 in. NaI(T1) crys- 
tal with a resolution at 661 keV of about 7.5%. A vacuum chamber of aluminium 
with a + in. perspex sheet covering the inner surface was used in the 6-channel. The 
chamber was designed with particular attention to minimize scattering on to the 
detector. The @-detector was a 1 in. diam. x 1/10 in. thick anthracene erystal covered 
with a 150 ug/em? aluminium reflector. Resolution with this arrangement was about 
15% at 624 keV. In the earlier works (#4) the scattering from detector to detector 
which makes large contributions in the 90° and 270° positions have been noted. 
In order to avoid this, both the detectors were surrouded by suitably graded shields. 
The y-detector was provided with a frontal shield of 4 mm lead and 1 mm copper. 
Source to crystal distance was 11.5 em in both channels. All the following obser- 
vations have been corrected for finite solid angle effect by caleulating the correction 
factors by numerical integration of the relevant integrals (5). Source centering was 
done to about 0.5% in the counting rate at the different angular positions. Only 
the photopeak of the 1.28 MeV y-ray was accepted in the y-channel. 


(*) M. GELL-MANN: Phys. Rev., 111, 362 (1958). 

(?) M. Morita: Phys. Rev., 113, 2584 (1959); Nucl. Phys., 14, 106 (1959). 
(*) R. M. STEFFEN: Phys. Rev. Lett., 3, 277 (1959), 

() H. DANIEL and G. W. EAKINS: Phys. Rev., 117, 1565 (1960). 

(5) M. E. Rose: Phys. Rev., 91, 610 (1953). 
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High specific activity Na, Po, was spread over an area of about 0.5 em? on 
a 150 ug/cm? aluminium backing which was supported by an aluminium ring. 
On account of this conducting environment and the short half-life of the inter- 
mediate (1.28 MeV) state in 22Ne [being 1.5-10-!? s as calculated from the observed (5) 
half-life of 5-10-18 s for the 1.632 MeV level in Ne], the perturbations of nuclear 
orientation in the intermediate state should not affect the angular correlation. 

In the case of integral correlation measurement, observations were taken at 
angular positions which were selected at random from intervals of 30° in the 
range of 90° to 270°. In differential correlation measurements observations were 
confined to 90°, 180° and 270° positions. True to chance coincidence ratio was 
always better than 20. Chance coincidences were measured with a 125 ns delay 
in one of the channels. True coinci- 
dence rates were divided by singles 
b) 2 counting rates which were regularly 
checked in order to ensure the stability 


fe of the settings. Coincidence rates at the 
1950 symmetric positions in the two quad- 
ee, rants were also checked. As a further 
oa check, the integral 87+y angular cor- 


relation was observed with Co for 
which (after the necessary corrections) 
an anisotropy of — (0.002-+0.012), in 
good agreement with earlier works, was 
obtained (Fig. la). 


co 
Co 
a) SNE 
Fes) 
ST Differential ( Energy) 
IS B=Y angular 
ES t 
130 n Res correlation 
125} ——3— le 5 OS ee 
23 0 
120 


Anisotropy 
1 
Ss 
T 


| | | 
0.50 1.0 10 360 
Coste Particle energy (keV) 
Fig. 1.-- a) Integral (Eg) 120 keV) B_—v direction- Fig. 2. — Differential (in energy) @t-y 
al correlation with Co. b) Integral (Ep) 120 keV) directional correlation results. Anisotropy 
ty directional correlation with **Na. at various energy settings. 


The integral B(Eg > 120 keV) — y(1.28 MeV) correlation could be fitted by least 
squares method to 


W(0) = 1 — (0.015 +0.003)P,(cos 6) . 


(5) S. Devons, G. MANNING and J. H. TOWLE: Proc. Phys. Soc., A 69, 173 (1956). 
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The coefficient of P, has been corrected for finite solid angle effects. In auxilliary 
runs with the same source as in the main runs but with the source holder placed in 
the horizontal position and the direct beam of positrons being cut off by means 
of a stack of narrow insulation tape, coincidences to be called «scattering effects » 
were determined. These scattering effects include coincidences between scattered 
positrons and 1.28 MeV y-ray or photons due to two quanta annihilation or with 
photons due to annihilation-in-flight which contribute to the photopeak region of 
the 1.28 MeV y-ray. They also include annihilation quantum 1.28 MeV y-coincidences, 
annihilation quantum (appearing in the Compton continuum in the f-channel) 
coincidences with the other annihilation quantum which contributes to the photopeak 
region of the 1.28 MeV y due to simultaneous detection of pulses in the region of 
Compton continua of the 1.28 MeV y-ray and the annihilation quantum. These 
«scattering effect » contributions were of the order of chance coincidences (about 
3% of the true coincidences) and were subtracted out from the true coincidences of 
the main runs. 

The differential B*+--y directional correlation was observed in the region of 
120 keV to 450 keV in steps of 60 keV. After correcting for finite solid angle effect 
and finite detector resolution (in energy), the anisotropies observed at different 
energies are shown in Fig. 2. These values of anisotropies were deduced after correcting 
the coincidence data for chance coincidences and «scattering effects » which were 
determined, as described above, for each energy and each angular setting. A least 
Square analysis of these anisotropies at different energies, under the assumption 
of energy independence, gave A= 0.0184+0.0195. Least square fit of these 
anisotropy values to a straight line normalized at the value at 120 keV gave 


A = — 0.015 — (0.018+0.019)E , E in MeV. 


The integral correlation measurements are in agreement with those of DANIRL 
and EAKINS (4) but differential correlation measurements indicate that the present 
values of anisotropies are lower at almost all energies than those reported by them. 
Further energy dependence in the present case is much lower than that found by 
them. The anisotropy at 300 keV is in good agreement with that of STEFFEN (3), 

In the case under consideration, anticipating the occurrence of s- and p- or d- 
wave interference terms, the angular correlation function for the decay scheme 


22Na(3 +) &®2Ne*(2 +) S**Na(0 +), 
may be written as, 
W(0) = 1+ A,P,(cos 0), 
with 
A, = F,(1132)F,(2202)[B,] = — 0.071 8B, . 


In this /’,’s are the geometrical F coefficients (7) characterizing the angular 
momenta involved, B, is a function of particle parameters characterizing the 


(*) K. ALDER, B. STECH and A. WINTHER: Phys. Rev., 107, 728 (1957). 
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B-transition. The term due to weak magnetism occurring through the momentum 
type matrix elements .A(a xy) contribute a value of 


Ay Un U7 
7 3 2Me e? 


4 Un — Un f EE 
+ — — B,—E |1 + — 
3 2Me? | 2 Li e? 


in the notation of ALDER et al. (7) with ju, and x, representing the anomalous magnetic 
moments of proton and neutron respectively. This leads to A4,=+ 0.064-10-%. 
As noted above all experimental values reported so far are much larger than this 
and the sign is opposite. The de Broglie wavelength effect, Coulomb effects and co- 
ordinate type matrix elements (2) taken into account do not still account for the 
observed anisotropy. 

The f+-transition has a very large log ft value of 7.39. Electron capture to 
positron emission branching ratio has been determined experimentally (8) to be 
0.110-+0.006 and shown to be theoretically explicable if the transition is either GT 
allowed or non-unique first forbidden. The large ft value indicating incomplete 
Superposition of initial and final state wave functions cannot be attributed to 
l-forbiddingness in as far as the HO/8+ ratio required is about half the observed 
value. Spin and magnetic moment (°) determinations favour an allowed (3+ 2+) 
B-transition. The shape of the f-spectrum (1°) has been shown to have an allowed 
shape down to about 120 keV and a slight preponderance of low energy positrons 
below 120 keV as in the case of many other allowed and non-unique first forbidden 
transitions. Isotopic spin selection rules do not forbid the transition. Thus, the 
large log ft value cannot be explained. From these considerations, it is also seen 
that 7,; matrix elements cannot contribute significantly. 

The results of this paper are in essential agreement with those of earlier 
workers (3:4) and corrections, precautions and checks of the performance of the set- 
up were made regularly. Therefore, it is concluded that the large (for an /-allowed 
isotopic spin allowed GT allowed f-transition) anisotropy cannot be explained 
even like the large log ft value. 


E 
d 9 


* OK OK 


The author is very thankful to Dr. B. V. THosar for his interest. 


(8) R. SHERR and R. H. MILLER: Phys. Rev., 93, 1076 (1954). 
(°) J. E. MACK: Rev. Mod. Phys., 22, 64 (1950). 
(3°) J. H. HAMILTON, L. M. LANGER and W. G. SMITH: Phys. Rev., 112, 2010 (1958). 
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Application of the Chew and Low Extrapolation Procedure 
to K +d~+Y+WN-+7 Absorption Reactions. 


J. S. DOWKER 


Department of Mathematical Physics, University of Birmingham - Birmingham 


(ricevuto il 30 Gennaio 1961) 


There still exists considerable uncer- 
tainty regarding the DALITZ-TUAN (1) 
(D-T) scattering length parametrizations 
of the low-energy K~-p scattering data. 
Each of the four possible scattering 
length sets has, at some time or another 
been put forward as a tentative favourite. 
In this Letter we should like to point 
out that it may be possible to separate 
the D-T solutions by a study of the 
capture reaction K +d—Y+N+r 
using the CHEW and Low (?) extra- 
polation technique. 

In impulse approximation we may 
graphically represent the reaction 


KART e Nyce 


as in Fig. 1. The deuteron is supposed 
to be at rest. This diagram also serves 
to illustrate the existence of a pole 
in the transition amplitude of the 
process. This pole occurs at p?— — a, 
where «/M is the binding energy of 
the deuteron (M is the nucleon mass), 


(Ge) Abin dels ADWNet, n (Sy 8h UNOPNSG 
Phys., 3, 307 (1960). 

(3) G. F. CHEW and F. E. Low: Phys. Rev., 
113, 1640 (1959). 


Ann. 


and has a residue which is determined 
essentially by the asymptotic normal- 
ization of the deuteron and the ampli- 


Fig. 1. — Pictorial representation of the process 
K+d-Y +N°+r in impulse approximation. 


tude, on the mass shell, for the process 
K~+WN,>Y-+7. This amplitude may 
in general correspond either to a physical 
energy or to an unphysical energy below 
the KN threshold. If the K--meson 
is captured from rest the amplitude 
corresponds to a momentum of approxi- 
mately 16 MeV/e below this threshold. 
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Further, the K-+N >Y+zx reaction 
is sufficiently exothermic for there to 
be a large range in p even though 4, 
is zero. We suggest therefore that the 
capture at rest data be extrapolated to 
p?= — a? in order to determine a value 
for the K+N >Y+z cross-section 
below the K.N threshold, which can 
then be compared with the predictions 
of the various D-T solutions. 

The transition rate spectrum, valid 
at the pole, can be obtained by a modi- 
fication of the method used in refer- 
ence (2). We find, on integrating over 0,, 
the laboratory angle between p and q,, 

OR p 


1 —> 814 A 
( ) Op? pî> — a? (p? + rr | 


In this paper we use the same 
notation, mutatis mutandis, as in refer- 
ence (2). (See also Fig. 1). The ampli- 
tude ¢ is related to the total K~+V,> 
+> Y +7 cross-section by 


4x 
(2) Otot = —|t|?. 
Pp 


In contrast to the cases discussed 
by CHEW and Low (?), w (the Yre.m. 
energy) and p? are not independent 
but are directly linked by energy con- 
servation: 


i 
o*= W?+ M?—— (p?+ 2M2), 
W=M,+m, 


where m is the mass of the K-meson. 

The possibility of a significant extra- 
polation to the pole at p?= — a? rests 
on the assumption that any other 
singularities of the amplitude are insig- 
nificant compared with this pole in 
the extrapolation region. It is thus 
necessary to investigate the analytical 
structure of the amplitude of the whole 
process as a function of w?, p?, and 
the KNYr vertex momentum transfer. 

It is to be expected that final 
state interactions will introduce further 
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Singularities into the amplitude. We 
have investigated, on a simple model, 
the effect of elastic Y-V scattering. This 
leads to branch points near p=120 MeV/c 
together with a logarithmic branch 
point at p?= —a?. With CHEW and 
Low we do not expect these singu- 
larities to be important. Since the 
Y-N final-state interaction is probably 
the most important one, multiple-scat- 
tering singularities are unlikely to pre- 
vent the desired extrapolation. 

It is necessary also to investigate 
the analytic structure of t, which, 
away form the pole, is off the mass 
shell. This is because ©? is a function 
of p? by (3) and we expect singularities 
in © near the extrapolation region. 

One possibility is to assume the 
same form for ¢ off the mass shell as 
on. In this case, using the Dalitz- 
Tuan formulae (!), we find a branch 
point due to the K~WN threshold at 
p?= — 1.202. A known singularity at 
this point can be allowed for in the 
extrapolation. 

From a practical point of view, 
since no absolute values of the tran- 
sition rate R have been measured it 
is necessary either to extrapolate 
(p?+o?)?(0R/0p?) to the pole for two 
reactions separately and then take 
their ratio or to extrapolate the ratio 
of OR/0p? for two reactions directly. 
The latter procedure may be preferable 
since some of the singularities in |¢|? may 
cancel and so facilitate the extrapolation. 
For instance, if we assume, as mentioned 
previously, that the isotopic spin ampli- 
tudes of the K°-+.N—Y-+7 reaction 
have the same form off the mass shell 
as on, then they can be written as 
apb”(Yr). where a, contains awkward 
singularities and depends on the isotopic 
spin T and not on the final channel Yz. 
The singularities in a, will then cancel 
on taking the ratio of reaction rates 
in different channels with the same 7. 
Unfortunately the quantities obtained 
by extrapolating such ratios will not 
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distinguish between the D-T solutions; 
for example, |b1(Am)|2/|b4(X)|? is the 
same for all of them and is assumed to 
be constant in the D-T analysis. To 
distinguish between the D-T solutions, 
a ratio involving different isotopic states 
must be used and the singularities in # 
are then more important. We defer an 
investigation of these for a future 
paper. 

A similar analysis could be made 
of the reaction K~+4He >3I+Y4+r 
(31=3He or 3H). Due to the increase 
in binding energy difference the pole 
occurs much further (62 MeV/c) below 
the K-N threshold than in the K7+d 
case. This is approaching the resonance 
region predicted by some of the D-T 
solutions and we can therefore expect 
a more definite separation of these. 
However, a well-defined pole term may 
be more difficult to separate out from 
the total amplitude and the *He +3I14+n 
vertex J" probably depends fairly strongly 
on the momentum p. These two things 
alone make the extrapolation a rather 
difficult one, although the variation 
of I" with p could be allowed for by 
calculating it using the Amapo and 
BLANKENBECLER (3) technique. This var- 


(5) R. D. AMADO and R. BLANKENBECLER: 
New Methods ‘in Direct Interaction Theory, 
preprint. 


J. 8. DOWKER 


iation would show up as structure 
in the spectator momentum spectrum. 

This same vertex appears also in 
the theory of the d+%He -‘He+p 
and d+%H —+He-+n stripping reactions. 
If we take the angular distributions 
of these reactions to reflect the variation 
of I’ with p, then the experimental 
curves indicate that this is not negli- 
gible. 

An appreciable contribution by the 
pole term to the physical process could, 
if there is a z-A resonance in the region 
of the pole, account for the increased A 
production observed in K~+*He as 
compared with K~+d absorption, al- 
though it may be possible that a A-I* 
resonance is also contributing. Moreover 
it is probably unwise to compare directly 
K-+d and K~+4He reactions since 
multiple K-meson scattering and many- 
body effects are more important in 
the latter. 


I am deeply indebted to Mr. L. Ca- 
STILLEJO for many helpful discussions 
and much encouragement. I am also 
grateful to the Department of Scientific 
and Industrial Research for the award 
of a Research Studentship. 
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Theoretical Discussion of Possible Experiments 
with Electron-Positron Colliding Beams. 


N. CAaBIBBO and R. Garro 


Istituti di Fisica delie Università - Roma e Cagliari 
Laboratori Nazionali di Frascati del ONEN - Frascati (Roma) 


(ricevuto il 2 Febbraic 1961) 


4. — We discussed recently the possible determination of the pion form factors 
from the reactions e+--e-—nz (1). There is at present a definite interest, particularly 
in Frascati, in the realization of electron-positron colliding beams. In this note 
we shall briefly present some further theoretical considerations on high energy 
electron-positron experiments. 


2. — High energy et-e- experiments can test the validity of quantum electro- 
dynamics at small distances. There are two other aspects of such experiments 
that we want to stress: 


i) The possibility of exploring form factors of strong interacting particles. 
These form factors are explored for timelike momentum transfers. Electron scat- 
tering experiments — whenever possible — can only explore spacelike momentum 
tranfers. 


ii) The possibility of carrying out consistently a « Panofsky program », i.e. the 
exploration of the spectrum of masses of elementary particles through their inter- 
action with photons. This program can be extended to include the exploration 
of particular classes of unstable states. 


(1) N. CaBIBBO and R. GATTO: Phys. Rev. Lett., 4, 313 (1960). The same results have also 
been derived by YUNG SU TSAI: Phys. Rev., 120, 269 (1960). 
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3. — Perturbation theory results. 


We first list some relevant perturbation theory results. We consider the lowest 
order graph 


where P is a charged spin $ fermion (f) different from the electron, or a charged 
spin zero boson (b), or a charged spin 1 boson (B). We call 6 the c.m. production 
angle, x the fine structure constant, À the wavelength and Æ the energy of each in- 
cident particle in the c.m. system, m; and f; the mass and velocity of particle à 
in the c.m. system. The cross sections are 


a) for et-+e-->f++f-; 


do It 2426 Il (1-+ cos? 6) mi a 6 
SS OE SA cos” —— (1 — 2 à 
d(cos 0) 4 ‘la us 2E? DR 
1 . 
Trota Si (2.1-10-3? em?)f(x), (m, in GeV), 
‘f 
with 
1 1\$ 1 
fv) = — Ike = 1 + SUR 
x? a? 2x 
and 
E 
X = — $ 
My; 
b) for et+e-+bt+b- 
do TORO pt ce 
d(cos 0) 16 A? pi, Sin Oke 
1 
Ototal = mi (0.5-10-82 em?)b(x), (m, in GeV), 
‘b 
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with 
1 1\8 
b(x) rs ihe sa) IO 
de x? 

and 

E 

T— — ; 

My 

c) for et-+e-+> B++B- 
ce 7 424068 |2(\° (14 cost 6) + 3 ain? 6 
ea n° zar OS* Sl » 
dices) Te =] ng oa 
1 . 
Otota = —7 (2-1-10-%2 cm?) B(x) , (mg in GeV), 
Mi 
with 
Bla) 3 ; DAT 
isa SR a PS 
4 A ri 3 7 se 

and 

E 

D = — . 
mg 


The functions f(x), b(x) and B(x) are reported in Fig. 2. These perturbation 
theory results are valid only as long as P does not have strong interactions and 
neglecting radiative corrections. 


B(x) 
0.8 


06 


E in GeV 
0.01 005 01 (ss 1 5 
Fig. 2. Fig. 3. 


dm 


1 2 3 4 5 x 


The total cross-section for et+e-—y+7 is given by 
total 2 (3.2°107%2 em?) F(E), 


where F(H), with E in GeV, is reported in Fig. 3. 
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4. — Production of strong-interacting particles. 


We consider the lowest order graph in the electromagnetie interaction but 
including all strong interaction effects. 


K <O 


Fig. 4. 


The form of the PPy vertex is only limited by Lorentz- and gauge-invariance. 
a) for ette-—f+f where f is a charged or neutralifermion of spin + 
TL T6 (cos 0) 
= — #14 COS 9 
d(cos 0) 8 si Si 
where 


F(cos 0) = |FP(—4E?) + wF$(— 4E?) 


2(1 + cos? 6) + 


IRR Me (f) 2\ 12 E LI (f) 9 7 
+ sin? 0 gli (— 4E?)|?+ ni - 
f 


Here y, is the static anomalous magnetic moment of f, and FY?(k2), FP(k?) are the 
analytical continuation of the electric and magnetic form factors of f for negative 
values of k?. The situation is illustrated in the following graph™ for the special 
case of the isotopic vector part of the nucleon electromagnetic vertes. 


k’<0 . timelike 
absorptive region 


k°>0 , Spacelike 


physical region for 
ere —N+N n 
k’=-(2my) KÈ-(2mpff =O 


physical region for 
e+N —> e+N 


Fig. 5. 


In the graph we have reported the physical regions and the absorptive region 
on the k? real axis. 
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The form factors Y, and F, have an imaginary part along the absorptive cut. 

i Therefore one can have a polarization of the fermion in e++e-+f+f, normal to 

the production plane (there can be no polarization of the fermion, neglecting radi- 

ative corrections, in the scattering e+f — e+f, as follows from time reversal argu- 
ments). The polarization P(0) is along p;/\\p.+ and is given by 


E 
F(0)P(0) = — sin (20)fî — Im {F}®(—4E?)wyFP(—4E2)}. 


Me 


The polarization of f is — P(0) as follows directly from TCP. 


b) In et+e-->-b+h where b is a charged or neutral boson of spin zero 
I 


do IT 
— — — o2283| F(— 4H?) |? sin? 6, 
d(cos 0) 16 


where F(k?) is the form factor of b. In general the yPP vertex is described in terms 
of an isotopic vector amplitude and an isotopic scalar amplitude (for pion there 
is only the vector amplitude, for A only the scalar amplitude). The absorptive cut 
starts at k? = —(2m,)? for the isotopic scalar amplitude, and at k? = —(3m_)? 
for the isotopic vector amplitude, except for the yXX vertex, for which the 2+A+7 
transformation produces a lowering of the threshold (2). 


e) For e++e-+B+B where B is a neutral or charged spin one meson 


are me JE a) |P 4E2) + uF,(—4E?) + eF,(— 4B”) |2(1 + cos 6) + 
d(cos 0) 16 IC 


È 


where F,, F, and F, are form factors, uw is the anomalous magnetic moment and 
£ is the quadrupole moment of B. 


E\2 
+ sin? 0 |2 F,(— 4B?) + >( Vara 46?) 


mg 


E\2 2 
F,(—4E?) + 2 | CF, —4B) + 


mp 


. — Effects of the proposed 7 = 1, J— 1 pion-pion resonance. 


Except for et+e-+r++x- and et+e->1xt+nx-+7° the threshold for production 
is at higher k? than the threshold of the absorptive region. This circumstance will 
make theoretical predictions very difficult. The reactions ef+e-rt+r- and 
ete-—rt+r nt have already been discussed ('). The pion-pion resonance, in 
the form proposed by Frazer and Futco (*), would produce a cross-section 
~ 8.3-10-31 em2, 17 times bigger than the perturbation theory value at the resonance. 


(2) R. KARPLUS, C. SUMMERFIELD and. E, WICHMAN; Phys. Rev., 141, 1187. (1958). 
(*) W. A. FRANZER and. I. R. FuLco: Phys. Rev, 117, 1609 (1960). 
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A favorable process, from the point of view of theoretical analysis, is e*+e-— 
+7, as shown in the following graph where the different regions along the 
k? axis, for the vertex 7°--y+y, when one y has mass —k? are indicated. 


etre — m1 °+y 


The cross section is 


do 
d(cos 0) 


physical region for 


physical region for 


y+(virtualy) —> N° 


point for (Primakoff effect) 
n-ytY 
Fig. 6. 
Toe 3(] a : 
= IX —> cos Malye) > 
mi Pall G(0) 


where G(k?) is the form factor for 79-y+y. T1 
is the inverse of the 1°-y+y lifetime and it is 
proportional to |G(0)|2 We have used dispersion 
relations to calculate G(—4H?), assuming that 
only the resonant T—1, J=1, 2a state contrib- 
utes to the absorptive part and using the y-+-7 > 
>r+x amplitude given by WonG (4). The result 
is shown in Fig. 7. The total cross-section for 
e+te->7°+y is given by 2.75-10-35 cm? w,(x) 
with the resonance model. In perturbation theory 
(G =G(0)) it is given by 2.75-10-%5 cm?-u(x). We 
have assumed 2.2:10-16s for the 7° lifetime. 
For the charged pion form factor we have used 
the form proposed by FRAZER and FuLco. With 
the form proposed by BowcocK, COTTINGHAM and 
LAURIÉ the maximum of «,(æ) would be at higher 
x (~~ 4.8) and 2.1 times bigger. 


Fig. 7.— The cross section for et + e=—>n° +y is 2.75-107% 

Up(x) em? with Frazer-Fulco resonance; it is 2.75-10-%w(x) 

if the energy dependence of the form factor is neglected. 
The assumed n° lifetime i.s 2.2-10719 s. 


(4) A. WANG; Phys. Rev. Létt., 5, 70 (1960). 
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6. — General discussion of the possible resonances. Detection of Nambu’s neutral 
vector meson. 


In the last section we discussed two possibilities of direct detection of the sug- 
gested T=1, J=1, x-r resonance from et-e- collisions. In this section we shall 
show that e+-e~ collisions are very suitable for detecting possible neutral resonant 
states with J=1 and charge conjugation number C = — 1 (and of course, with 
zero nucleonic number and zero strangeness). We consider the effect of the reso- 
nance in the reaction e++e-+ (final state) to originate from a graph of the type 


Fig. 8. 


where the resonant state of mass M and spin J (0 or 1) decays into the final state f 
with a branching ratio B; of its total rate /’. The cross-section curve has to be folded 
with the experimental resolution curve that we approximate with a rectangle of 
width 2AH. We consider three cases: a) narrow resonance, 2AH >I; b) wide 
resonance 2AE< I"; c) intermediate case, 2AH2I. The contribution to e*+e-— 
— (final state), from the resonance, for an experiment at the resonance with spread 
AE is then approximately given: for a) by 6,,= 274?(2/4)(2J+1)B, B:(T/2 AE); 
for b) by Omax = #Z2(2J-+1)B;B;; for c) both formulae can safely be applied since 
they coincide in this case apart from a factor 7/2. A typical comparison can be 
made for instance with et+e-—ut+u-, the cross-section of which is (x/3)«22? 
for E> my. Practically, for intensities of the order (10!°--10!!) electrons or posi- 
trons, the discussion can be limited to those decay modes for which B; 1. There- 
fore the relevant quantities are: /",/A£ in case a); I’,/I’ in case b) and, of course, 
any of these two quantities in case c). From charge conjugation and gauge invar- 
iance one sees that J’, (rate into e++e-) is proportional to: &m? for J=0, 0=1; 
afm? for J=0, C=—1; of for J=1, C=1; a? for J=1, C=—1. 

It seems reasonable to assume AH ~1 MeV. Then in case a) only resonances 
J=1, 0=-1 would produce relatively large effects. The same conclusion applies 
also to cases b) and c) since J" > AE implies a fast decay by strong interaction or 
at most by single y emission (l'x x). A J=1, C =—1 meson with T=1 
can decay rapidly into pions. The resonant effects discussed in the last chapter 
belong to this type. A J=1, C=—1 meson with T—0, called p°, has been pro- 
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; : 5 : 
posed in particular by NAMBU (5), and calculations have been made by Hurr (°). 
We don’t assume any direct coupling of p° with electrons. Following Hurr we 
examine in detail three special cases: 


1) m,=m,,: only pete is possible, with J’~10'6s~1, giving for Lia a 
+>p9>ette- a 0,,=7.8-10-3 cm2. The cross-section for et+e- —yY+Yy at this 


» 7 . —29 2 
energy is ~7.5-10-7% cm?. 


2) My=2Mn: P+ +y, et +e, ui Eu are possible with B_0, ~1, Ba 
bite z107 and J’~1.5:10-19s. Then for et+ e-> p°>r0+y, Cor LS LORS cm?, 
and for e+-+e-—»p° > et-+e-, or >u++uT, 0710751! cm?; to be compared with the 
cross-section for et+e->put+p7, at that energy —0.86-10-8. The perturbation 
theory estimate for e++e->7°+y gives 2.3-10-?5 cm?. 


3) mo=3m,,: we assume rates ~ 107 s for p++ y, ~27+ y and 
B10-3 for p°>e++e-3, >ut+u. The main effect is in et+e->7°+y or 27+Y 
giving o,,~10-2°cm?, to be compared with the perturbation theory estimate 
=3.8-10-85 em? for e++e->7°+y at this energy. 


7. Problems concerning weak interactions. Detection of the intermediate vector 
meson. 


We pointed out the relevance of e++e- experiments for a Panofsky program. 
A charged fermion f weakly interacting and with mass > mg would hardly have 
been detected if there is a selection rule forbidding the mixed couplings (fey) or (fuy). 
A very interesting possibility is the detection of semiweak-interacting boson B with 
mass > mg, as suggested, for instance, for mediating weak interactions. The 
relevant cross-sections are given in Section 3. If B has an anomalous magnetic 
moment jp, the differential cross section becomes 


do SC E, su ol sa ‘ I 
= eee 9 NE tee 2082 6 2 — B2+2ug)? | sin? 6+ . 
d(cos 0) Ta | En) My Cart + | | Mp, i si | 


Note that this formula gives a cross-section that goes to a constant for E> mg if 
Hr=0, or increases oc E? if ug 40. In both cases unitarity is violated at high energy. 
From angular momentum and charge conjugation considerations the cross-section 
should not exceed 277? if unitarity is respected, neglecting radiative corrections. 
In fact in this case only the 38, and 3D, waves can interact, giving a maximum 
interaction of 277? after summing over polarizations. It follows that, even for 
/3=9, unitarity is violated at high energy (precisely for H>340m,). Another in- 
teresting possibility is to look for a semiweakly coupled B°, which would give rise to 
resonances in et+e->e++e-, +ut+u-, >x++-, etc. The formulae of the pre- 
ceding section, case a) can then be applied. On the basis of the semiweak coupling we 
assume "= 5-10!? s-1 with branching ratios — + for B°>e++e-, or B*->ut+y+. For 
et+e > X®°>yut+u- one has then o,, 277?(2.6-10-5) which is about 3 times bigger 
than e++e->yut+ u- with o 277?(0.88-10-5) for E > My. 


(5) Y. NAMBU; Phys. Rev., 106, 1366, (1957). 
(9) R. W. Hurr: Phys. Rev., 112, 1021. (1958). 
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The contribution from the local weak interactions to, for instance, e+ + e- + wh u- 
is very small at low energy but increases fast with energy. The addition to the 
lowest order electromagnetic matrix element of a term 


(2a) (4/8G)[u(u Yuna (1 + Ys)0(u* )Mo(e*)y,3(1 + y5)u(e-)], 
modifies the cross-section formula to 


sce Sl [(1 2 0)(1-4 ed e) +2 0 
= CS OS = e) + We + 2 DE À 
d(cos 0) 8 = Ce )( € + €*) 4-2(e + 22) cos 0] 


where e 6.2-10-4(E/my)?, with my=nucleon mass, and we have taken for G 
the value of the Fermi constant. A cos 0 term in the differential cross-section also 
arises from graphs with two photons exchanged. More uniquely a longitudinal 
polarization of the u= given by 


(1 + cos 0)?, 
P= = (4-82) Fy 
(14 cos? 0) + (e + e2)(14 cos 6)2 


would indicate the presence of weak interactions. However e becomes ~1 only for 
colliding beams each of ~ 30 GeV. 


* * OK 


It is our pleasure to acknowledge the stimulating discussions on the subject at 
Frascati with C. BERNARDINI, G. GHIGO. and in particular with B. TouscHEK. 


13 - Il Nuovo Cimento. 


1505 


IL NUOVO CIMENTO NOT 2:O:Cy Iisa! 1° Aprile 1961 
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V. DE Atraro and C. ROSSETTI 


Istituto di Fisica dell Universita - Torino 
Istituto Nazionale di Fisica Nucleare Sezione di Torino 


(ricevuto l'8 Febbraio 1961) 


The extrapolation procedure from physical region to an unphysical point has 
been recently extensively used in investigating elementary particle interactions; 
the results have been fairly good, leading for instance to the determination of the 
pion-nucleon coupling constant. The question arises as to whether such a procedure 
could be applied to the physies of the composite particles, in particular to the field 
of nuclear physics. 

The problem of the deuteron photodisintegration is characteristic in this respect; 
in fact the deuteron can be considered as an elementary particle acting as a source 
of nucleons; a coupling constant N can then be defined and its value deduced by 
an extrapolation procedure. The deuteron has been chosen because it has a well 
known structure, so that the extrapolation can be a test of the analitic properties 
of the scattering amplitude. Indeed the value of N obtained by this procedure 
van be compared with the accepted value derived from the theory in first quantization. 

Our approximation is very rough since we consider non relativistic nucleon 
currents only. This first step was rather a preliminary check on the validity of the 
extrapolation procedure. The present state of experiments and the uncertainties 
in the extrapolation do not yield much hope of ineluding the D-wave contribution 
and other corrections in any significant way. In spite of this, the result has been 
surprisingly good, though affected by a large error. 

We use the kinematical variables as defined in (*), formulae (36) and (37). 
Let #=cos 0 and let us study the singularities of the transition amplitude in the 
x-plane, as they appear in the perturbation expansions (2). This amplitude has 
two poles in x=-E/g=%v, and «= — rp, and two cuts with anomalous thresholds 
in x=+%,, where 


(1) X= (H/q) + u(u + 2a)/kq . 


() V. DE ALFARO and C. RossETTI: Nuovo Cimento, 18, 783 (1960). 
(?) See the Mandelstam representation proposed in (1). 
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The 7-matrix for the photodisintegration process can then be written as 
(2) T= TT) (R.1.), 


where 7, is the contribution of the single pole in #=x,, and (R.T.) stands for the 
remainder which is regular at that point. Then the function 


(3) F(x, w) = (1—x/x,)?do/dQ (3), 


is regular in «=a,, and assumes there the value R(o). 

Our task is now to compute theoretically R(w), in order to compare its value 
whith those obtained by extrapolation from experimental angular distributions. 
Let H., be the photon-proton interaction hamiltonian. Then, dropping the spin 
indexes, one can write 


(4) Tp = (%):92| Hyp |Pr> = <%| Ay |P1— %> O{( 41 —P,)/2} , 


where @(n) is the Fourier transform of the deuteron wave function. This is the 
contribution of the graph in which the proton only interacts with the y-ray, the 
neutron acting as a spectator. If the asymptotic behaviour of the deuteron wave- 
function is qa(r) ,~, N exp [—ar/r], then (n) has the form 


0) 


Ar N 


5 D(n) = TRAE) 
(5) e IT) 
where (R.T.) means terms regular in n?= — a?. In the c.m. variables the singular 
part vf can be written as 
È " Ar N 
(6) AURA — P;)/2} = 


kE — x9/E) 


The matrix element of H,, is easily calculated in the non-relativistic approx- 
imation (2-dimensional spinors) 


(7) <Q | Hp |P1— 42> = — (4ov-k)-*(e/m) {(q: €) + iop\k: €up/2}, 
where e is the photon polarization vector. 
The cross-section is then 
ibe ok?) 4d 2 
(8) do/dQ = (e?/8xm) yea eee, Oper Rel) Oe (Ra), 


It follows that 


f q 2 do ui ke gin= fl 
7 Ù — ll x =: (OM = — = È 
A) ne {| E 1 ales | 2 a WE 


(*) © is the photon energy in the laboratory system. 


13* - Il Nuovo Cimento. 
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where 0=27xN2e?/m. The theoretical value of 0 is known at once from 


il 2a 
NA a 


An 1 — ar 


where r, is the triplet effective range (strictly speaking, if we take into account 
the D-state contribution N? is no longer a constant). The value obtained for © 
is 0.587-10-%. 

Our proposal is now deduce a value of O by averaging on the extrapolation of 
experimental data. From formula (1) it is seen that at the threshold 


Th mq); Tg — tp (mul + 2a)/a?)q* , 


and ror large q, 


tp~ 1+ (m2/2)q-2; sty —ap~ p(w + 22). 


We may then have some success in extrapolating at intermediate energies; 
at low energy we have to reach a point very far from the physical region, whereas 
at high energy also the cut has a strong influence on the physical region. 

We have considered, as experimental data, the results by WHALIN, SCHRIEVER 
and Hanson (*), and Kreck and TOLLESTRUP (5). A best fit of the experimental 
points, multiplied by (1 — xq/E)? has been done, and then extrapolation in x—Æ/q. 
The experimental angular distributions are however affected by rather large errors, 
and the number of points for fixed energy is only between 4 and 6. We have thus 
been compelled to search for a best fit with second order polinomials, although 
the result will certainly be inadequate, because higher order curves were inpractical 
to use (5). In spite of this shortcomings the results were not bad. The values 
obtained in this way for R(w) (we call them R,,(@)) are shown in Table I. Here 
the starred values are those corresponding to angular distributions which at glance 
could not be fitted by a second order curve, showing clearly a maximum and 
minimum. 


A best fit of the obtained values of R.,(@) has been done by a formula of type 
(9); i.e. by putting 
Fyx(@) le CexP(0) > 
where 
2 1,9 9 
Li ka Il qm? 1 


(wo) = {1 - : 
Wo) 2 m2) k° E? 


With this procedure the results obtained for various sets of data are shown in 


(4) E. A. WHALIN, B. D. ScHRIEVER and A. O. Hanson: Phys. Rev., 101, 377 (1956), later 
on referred to as Ill. 

(9) J. C. Keck and A. V. TOLLESTRUP: Phys. Rev., 101, 360 (1956), later on referred to as Cal. 

(°) Due to the scarce number of the experimental points, we could not attempt an analogous 


extrapolation for «= — xp, where the residue is smaller and of the opposite sign with respect to 
that in xp. 
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; if however 


we exclude the starred data, we obtain as the most probable value 0,,=0.57-10-8. 


TABLE I. 
Number of 
(MeV) Cp = Eq — R.x(0)/ub | experimen- | Reference | — R(@)/ub 
tal points 
65 4.01 202 5 Il. 204 
80 * 3.62 Be 5 Ill. 122 

105 * 3.19 10.3 5 Ill. 62.3 
114 * 3.08 8.4 441 Ill. 49.5 
140 2.78 22.1 5 Ill. 29.2 
149 2.72 15.2 5 Ill. 25.5 
194 2.43 26 5 Ill. 12.8 
248 * 2.19 3.12 5 Ill. 6.42 
105 3.19 41 4 Cal. 62.3 
155 2.67 14.4 6 Cal. 23.1 
205 2.36 9.4 6 Cal. 10.6 
255 2.18 9.2 6 Cal. 5.88 
305 2.03 13.0 6 Cal. 3.40 
355 1.91. 8.2 6 Cal. 2.08 
405 1.82 3.47 6 Cal. 1.25 
455 1.75 2.25 6 Cal. 0.743 


Obviously the error affecting this result is large; the agreement with the theoretical 
value is however surprisingly good, and should not be dismissed as insignificant. 


ABITI 
Che MOE Data 
0.41 Ill. 
0.58 IO ae 
0.40 | Cal. 
0.41 Cal.+ Ill. 
0.56 CAEN 


We plan to improve our calculations and to extend them to other cases as soon as 
new measurements of the angular distribution will be known. 
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(ricevuto il 13 Febbraio 1981) 


It is well known that many-particle systems, interacting via Coulomb forces, 
exhibit a peculiar form of collective motions, the plasma oscillations. This property 
of the system essentially is due to the net mutual repulsion between particles coming 
about, if the local density exceeds the average one. It is expected, however, that 
the inclusion of the magnetic interaction between the moving particles reveals other 
possible collective modes. Indeed, the fact that parallel moving current-elements 
attract each other and thus local current fluctuations tend to increase, indicates 
an instability rather than oscillation. 

The existence of such collective modes, due to the static magnetic interaction 
between the current elements represented by the moving electrons, has been 
investigated within the random phase approximation (1), and a preliminary report 
is given in this letter. The effect of the electric forces (Coulomb and induction 
field) has not been included. This neglect is justified on the basis of the following 
considerations: 1) the neglect of the fluctuating electric field amounts to the neglect 
of collisions, which are rare events in comparison with the time scale of the col- 
lective motions; 2) the average field which is caused by the plasma oscillations 
can be omitted because, in a good approximation, plasma oscillations being longi- 
tudinal can be decoupled from the magnetic modes which are transverse; 3) the 
induction field (rot E = — B) influences only the dispersion relations at small wave 
numbers but does not alter appreciably the physical picture. (The reason for this 
zan be understood by expressing E, from the Maxwell equations with the neglect 
of the displacement current: Ex = — (use/k?)j4. Substituting this into the equation 
of motion for v,, this yields a correction indeed for appreciably small wave-numbers 
only. This feature is carried through to the corrected dispersion relation.) 

The equation of motion for the Fourier component of the density of the particle 


(*) D. BoHM and D. PINES: Phys. Rev., 92, 609 (1953): D. Boum: General theory of collective 
coordinates. The Many Body Problem, (Paris, 1958). 
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current in random phase approximation is 
D7) uv sv 2 ptt FT 
jet (72) je = — D (kw) vf exp [—ik <a] 
i 


(2) = foto) + (kE) — (KR [h2) 08) Os 


2 
, CPN Ly 
gi a à 
m 


(Upper indices denote vector components and the summation convention is used; 
v; and x, are velocities and positions of the i-th particle.) It is easy to show that 
y? actually comprises two collective modes. One depends on the velocity component 
parallel to j,; this quasi-longitudinal mode (the motion is always transverse in the 
usual sense, since in our approximation k-j,=0) corresponds to the physical picture 
given above: the diagonal elements of this part of y are real. The other, quasi- 
transverse mode, depends on the velocity components perpendicular to 74: the corre- 
sponding part of y is purely imaginary. The physical picture here is not so imme- 
diate: the oscillation is due to the overshooting of the deflected current elements, 
if there is a large velocity component perpendicular to the deflection. It is remark- 
able that in the case of thermal equilibrium and no external magnetic field, the 
two modes just compensate each other and y?=0. If the velocity distribution is 
not Maxwellian or each component has its own Maxwell distribution, with different 
temperatures, this is not the case and in a prefixed direction one of the modes 
persists. Moreover, a properly oriented magnetic field suppresses any of the modes 
even in thermal equilibrium. The collective modes may be decoupled from the 
random individual motion in the random phase approximation following the Bohm- 
Pines method (1). Introducing the collective co-ordinate 


2 à Ae: 1 
(2) E = > (i) vexp[—ik-x;], 
one obtains 
(3) Et (w?)""& = 0, 


where ©? is governed by the dispersion relation 


(4) — 128 D {[ (Bi — 0)? F040? — [(B: — TRO — pd) = 5, 
i Bi = k:v, . 


For a singly-lumped velocity distribution the roots of the diagonal elements of w 
are situated either along the imaginary axis or in the neighbourhood of the real 
axis on the lower half-plane, the absolute values being not very far from the corre- 
sponding values of y — provided that k is smaller than a certain maximum value, 
in the order of magnitude of x. Otherwise the imaginary roots disappear, and the 
complex roots move very far from the real axis (in a way similar to the behaviour 
of roots in the case of Landau for plasma oscillations (2)). 


(3) L. D. LANDAU: Zurn. Eksp. Teor. Fiz. 10, 25 (1946); J. D. JACKSON: Internal Report 
GM-TR-0165-00535. 
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Non-linear effects, which may be described as scattering of the collective modes, 
play an essential role in the case of imaginary roots. This is the mechanism, how 
the equilibrium distribution of such « bunches » is established. A detailed commu- 
nication will be given later. 


* * * 


This work has been partially supported by the U.S. Air Force through its 
European Office. 
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Propagators of a Self-Coupled Spinor Field 
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(ricevuto il 14 Febbraio 1961) 


1. — As is well known, the physical many-body propagators play a central 
role in quantum field theory. It is also known that in many cases the appli- 
cation of the perturbation theory for calculating the propagators leads to meaning- 
less results. Therefore, it seems to be very important to discuss other, non-per- 
turbative, methods, too. 

In the present note the physical one- and two-body propagators of the scalar 
Fermi self-coupling (which cannot be renormalized in Dyson’s sense) are investigated 
by using their continuous integral representations. As there is a quartic part in 
the Lagrangian, Edwards-Lieb’s non-perturbative method (as the only, (1)) has to 
be applied for approximating the propagators. The calculations are made in first 
approximation which is probably the best one. 

According to Lieb’s procedure we start from the continuous integral represen- 
tation of the vacuum-functional <0 |S |0> 


(1) <0]S[o> = 
[ov dv exp [i (—[ drdy ve) SF Mom) + ['ar(sy y + av + wm))] 
[ov dv exp [i (— [ de dy p(x) 87%, y) v(y) + 9 far p(yy)v)] 
— © — o 
Sr (x, y) = —0(a@ — y)(iy" 0, — m), 


obtained in the usual manner (2), where 7, 7 are external spinor sources. The con- 
tinuous integrals in (1) are defined in Matthews and Salam’s sense (*). It must be 


E. H. Lies: Proc. Roy. Soc., A 241, 339 (1957). 
H. UMEZAWA: Quantum Field Theory (Amsterdam, 1956), chap. 18. 
P. T. MATTHEWS and A. SALAM: Nuovo Cimento, 2, 130 (1955). 
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noted that their definition is not quite correct, it is important, however, that also 
in the cases which could be investigated by the correct definition (bilinear exponentials) 
different results have not been obtained (4). 

Now, we define the functional V for which 


(2) <0|S|0> = exp i [ue dy n(æ) V(æ, y)n(y)|, 
and assume that the relations concerning the free many-body propagators are valid 
for both S, and V. As it can be seen, V determined by Lieb’s method satisfies 


this condition — at least in first approximation as treated here. Now, applying 
Edwards and Lieb’s idea for (1), we write the expressions containing S;’ in the form 


co 2 e 


(3) = if a dy Sr yp = — if] dxdy pV ty + far dy p(V-1— Sr), 


and we expand the function 


foo} (co) 


exp ifaray p(V1 — SF )y + ig |r Fil - 


—o — o 


In this manner from (1), (2), (3) follows the definition equation of V. In first 
approximation (from the first two terms of the series mentioned above) we have for V 


a 
(4) ip a — m+ 2ig( Sp Tile = as Dofus 7(3) V(3, 1)V (1, 4) TJ 2)= 
1 


2. — For the one-body propagator (4) gives the following 
(5) {iy" Où —[m + 2ig(95(0) — Sp 8,(0))]}8p(@ — y) = — dx — y) . 


a 3h n . . . . : 
Supposing that the bare mass does not vanish, iS}(0) is a non-vanishing real 


number, therefore, (5) can be made finite by mass renormalization. The observable 
mass is defined by the quantity 


(6) Mr = M + ÔM = m+ 2ig(85(0) — Sp S5(0)) " 


Thus, in case of m0 S% is identical with the propagator of a free particle of 


(4) W. K. Burton and A. H. DE BoRDE: Nuovo Cimento, 4, 254 (1956). 


1514 


PROPAGATORS OF A SELF-COUPLED SPINOR FIELD ETC, 203 


mass M}, in which the self-mass dm diverges quadratically 


A2 
A2 — m° iin (1 +1). 
mi, 


Comparing these results with the first order perturbation theory, two differences 
can be seen, we have disregarded that the coupling is weak and the self-mass depends 
on the observable mass. 

There is another situation if the bare mass m is vanishing. In this case, because 
of the y;-invariance, S, is identical with the free neutrino propagator. 


39M p 


(7) om = 
n? 


lim 
A 


A—o 


3. — Finally, the first approximation of the two-body propagator will be inves- 
tigated. It can be shown by comparing (1) and (2) that 


7,1; 4) 


ERA] 
SAOET OS Bel 


is responsible for the two-body scattering. 
Let us turn to the momentum space and define V(p,, Po, Pa, Pa) as 


(8) V(x, %a, Ly, La) = 


œ 


= Il dp, dp, Ps Apa V(P1 Pa, Pas Pa) exp [—1(p1 41 + Pate — pars — para) |, 


then (4) leads to the integral equation 


(9) Voapo(P1> Pas Ps» Pa) = 9(220)* d(p1 + Pa — Ps — Pa) (Sp(P1) Sr(Pa) )oo( Sr(P2) S(P3) apt 
st 2ig 2a) [ASL (rw Vrapy(4 Pa; P3> 4 ar (ee Pa) ci 


-o 


a corpo (> Ps; Ps: 4 + Pa — P1)) Sroo(Pa) - 


The integral eq. (9) can be solved exactly. As the part containing a single y will 
vanish from the integral 


fasse )S(4 — p), 
we have the solution 
(10) Voxpo(P1> P2> Ps» Pa) = g(27)* d(Pa + Pa — Pa — Pa): 


(Sr (D2) Sx(Ps) ) al Sp(P1) S(P4) oo 


sig | ag Sp ( (Spi q)Sx(4 + Pau Pi )) 
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According to (10) the scattering characterized by the interaction gp(py)y in 
Lieb’s first approximation is not a point scattering. The vertex part depending 
on the relative momentum has been investigated by ABRIKOSOV et al. (5), it is a 
very important circumstance, however, that the asymptotic behaviour of their 
vertex function is not correct (5). Hence, it is not at all satisfactory to sum up 
only the most divergent chain-diagrams, thus, Edwards-Lieb’s approximation of 
the two-body propagator is rather rough (7). It seems that this is the reason why 
ghost states have appeared in Lieb’s two-body propagator. 


(®) A. A. ABRIKOSOV, A. D. GALANIN, L. P. GORKOV, L. D. LANDAU, I. YA. POMERANCHUK 
and K. A. TER-MARTIROSYAN: Phys. Rev., 111, 321 (1958). 

($) T. YOSHIMURA: Progr. Theor. Phys., 23, 569 (1960). 

(7) See also FULTON’s remark about PEIERLS’ report: Proc. of the Sizth Annual Rochester 
Conference (1956). 
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IL NUOVO CIMENTO WOilig, ORS. Nis Il 1°. Aprile 1961 


The Energy Parameter in the Dispersion Relation. 


G. MoHaAx 
National Physical Laboratory - New Delhi 


(ricevuto il 23 Febbraio 1961) 


1. — Introduction. 


For the proof of a single variable dispersion relation a suitable choice of the 
integration parameter has to be made in order to exploit the causal commutator 
to the maximum. In case there is no change in mass of the target particle before 
and after the collision, the appropriate parameter is easily obtained by working in 
the Breit frame of reference O, (1). If the incoming and outgoing target particle 
has a mass difference, the dispersion relation in terms of the usual kinematic para- 
meter can not be established. 

An appropriate parameter is obtained for the single variable dispersion relation 
in the most general case when all the four particle masses involved in a two par- 
ticle collision may be different. The important step in the method consists in a 
proper choice of the frame of reference 0,, because once this is done the correct 
choice of the parameter becomes obvious. 


2. — Frame of reference O,. 


To avoid irrelevant details we study the scattering of spinless particles. The 
incoming particles have masses and momenta m, p and yw, k and the outgoing par- 
ticles have masses and momenta m’, p’ and wy’, k’. We shall assume that either 
p —p' or p—k' is spacelike. To be definite let us take p — p' as spacelike. The 
scattering amplitude M can be written in the form (?) 


(1) M= if av exp [3(k + k’)a] <p’ |[J"(4x), J(— $2)] | p> Ma) . 


There are three independent energy-momentum vectors and hence six independent 
scalar kinematic parameters. In the Breit frame of reference O, the components 


(1) R. OEHME and J. G. TAYLOR: Phys. Rev., 113, 371 (1959). 
(3) H. LEHMANN: Suppl. Nuovo Cimento, 14, 513 (1959). 
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of p and p' are determined by three of these, viz. m, m' and Q. 


(2) p = (Vm? + Q?, 0, 0, Q}, 
(3) p'= {V m2 + Q2, 0, 0, —Q}. 


This co-ordinate system is so oriented that the third independent vector K = E(k+k") 
has vanishing 2-component. The other components are 


Ki, {po py tk (pp) 


1 
(4) Ks 20 (PPh K,(V m2 + Q2 — Vm? + Q2) DE 
K,= (ROSE PRE 
One might choose K,, K3 and K? as expressed above as the rest of the three inde- 


pendent kinematic parameters. The dispersion relation in X, will follow in the 
usual manner. However, note that 


K-(p'— p) = 20K,4+ K o( Vm’? + Q? + Q? — Vm? + Q?) 


4(k? — k’2) = 2QK,+ (Vm? + Q?— V m2 + QE, - 


If K, and K; are regarded independent, it would imply that the projectile mass 
varies with the integration variable A,. This is absurd and hence the dispersion 
relation so obtained is devoid of any physical content. On the other hand if XK, 
is regarded dependent on A, then the dispersion relation cannot be obtained. 


3. — Frame of reference O,. 


The desired frame of reference O, is obtained from O, by a Lorentz transformation 
associated with a velocity 


Vm +9? — VIEN 
se 50 


(6) A 


along the 3-axis. Since (p — p') is spacelike |v| will be less than unity. The three 
invariant parameters m, m' and Q determine the components of p and (p— p') 
in O, also. 


(7) p= {4.0 0, By, 


(8) p—p= {00,0 VT PA, 
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N 


where 

(9) 4 Vim? + o —tQ peste VV m2 +Q@?+9Q 
vio? i Vi— v? | 

and 

(10) (p — p'}? = (V m2 +0? — Vm’? + Q7)? — 407. 


The other three independent kinematic parameters ©, © and È are suitably chosen 
to determine the components in O, of the remaining independent vector, which 
is chosen to be K: 


(11) K= {0 Vot-Q-t0, Q}. 


The invariant definitions of these parameters are 


4. — Suitability of the parameters. 


Following points establish the suitability of the six kinematic parameters m, m’, 
Q, wo, 2 and £ for the single variable dispersion relation: 


a) The variables © and € whose complex domains have to be studied do not 
occur in the matrix element <p'|[J'(3x),J(—3%)]|p} in the eq. (1). 


b) The scattered particle masses y, 4’ do not vary with the dispersion relation 
integration variable ©. In fact the following relations exist: 


(15) ue = E + Ep —p'}+ QV— (p —p}, 


(p — p'}?— av (p — p'}?. 


PIR 


(16) wee 


c) As mm, 0,-0z and we get back the conventional parameters. 


d) The dispersion relation for ¢,< — 2? is obtained in the usual way. Further, 
the analytic continuation in È to the physical value can still be tackled via the 
Jost-Lehmann-Dyson integral representation. There is slight algebraic complication 
but no additional difficulty in principle. 
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Recensioni. 

J. L. SYNGE — Relativity. The Gen- Non possiamo non associarci a questo 


x 


giudizio anche se poi è giusto notare i 
molti pregi del libro, non ultima la pre- 
cisione del linguaggio, il rigore dell’espo- 
sizione e l’introduzione sistematica di 
algoritmi matematici (tra cui la world- 


eral Theory. North Holland Pub- 
blishing Co., Amsterdam, 1960; 
pp. Xv-505; fl. 55. 


Questo libro è il terzo della serie 


dello stesso autore sulla teoria della rela- 
tività (i due primi volumi sono: Rela- 
tivity, the special theory e The relativistic 
gas). L'introduzione contenuta nella co- 
pertina esordisce con la constatazione 
che il libro è di tendenze conservatrici. 


funetion) dove erano stati finora igno- 
rati dai libri di testo. Mediante questi 
artifizi la teoria acquista maggiore unità 
formale e molti calcoli risultano drasti- 
camente semplificati. Con tutto questo 
non riteniamo il libro adatto ad un 
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principiante che desideri iniziarsi ai mi- 
steri della relatività generale, semmai lo 
riteniamo' utile all’esperto desideroso di 
completare la propria preparazione e 
chiarire molti dei punti oscuri che sempre 
rimangono a chi si occupa di questo 
ramo della fisica. 

Abbiamo detto che il libro è di ten- 
denze conservatrici. Avremmo infatti 
desiderato vedere più estesamente citati 
i molti lavori usciti in questi ultimi anni 
ad opera di Wheeler, Misner, Brill e 
molti altri, sul problema della quantiz- 
zazione del campo Einsteniano anche se, 
e i detti autori lo riconoscono, siamo 
ancora lontani dall’aver risolto il pro- 
blema. 

Chiude il libro una utile ed estesis- 
sima bibliografia. La stampa è nitidis- 
sima ed il testo contiene molti grafici 
e disegni. 

T. ReGGE 


L. V. GROSHEV, V. N. LUTSENKO, 
A. M. DEMIDOV e V. I. PELEKHOV 
— Atlas of y-Ray Spectra from 
Radiative Capture of Thermal N eu- 
trons. Tradotto dal russo da 
J. E. Sykes. Pergamon Press, 
Oxtord. 19595 pp. 198.21. 


Si tratta di una raccolta di dati, 
aggiornata fino al 1958, ottenuti dallo 
studio della cattura radiativa dei neu- 
troni termici. Si riduce pertanto ad 
una serie di tabelle e di grafici sugli 
spettri y di cattura. Oltre l’energia 
dei raggi y di cattura, sono riportati 
altri dati, quali la sezione d’urto di 
cattura termica degli isotopi stabili, 
la vita media degli isotopi radioattivi 
che si formano nel processo di cattura, 
il momento angolare totale dei nuclei 
prima e dopo la cattura (stato fonda- 
mentale), l’energia di legame del neutrone 
nel nucleo finale. 

Tre pagine introduttive danno alcune 
informazioni sulle fonti dei dati raccolti, 
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sui metodi sperimentali usati e sull’uso 
delle tabelle e dei grafici. La quantità 
di materiale raccolto e l’importanza 
attuale dell’argomento meritavano più 
di tre pagine. Questo atlante sarà 
senza dubbio molto prezioso per gli 
specialisti di fisica nucleare delle basse 
energie, in particolare per chi si occupa 
di fisica dei neutroni. Forse per questo 
il prezzo è così alto. 


E. CLEMENTEL 


F. H. CLAUSER — Symposium on 
Plasma Dynamics. Addison-Wes- 
ley Inc., Reading, Mass., 1960; 
pp. 360, $ 12.50. 


Il libro è un resoconto del simposio 
internazionale sulla dinamica del plasma 
tenutosi a Woods Hole nel Massachu- 
setts nel giugno 1958. 

Al simposio erano stati invitati i 
fisici più illustri interessati alla fisica 
del plasma nei suoi vari aspetti: Astrofi- 
sica, Magnetoidrodinamica cosmica, Mec- 
canica dei fluidi, Meccanica statistica, 
Scarica nei gas, Aerodinamica. 

Al simposio non era stata presen- 
tata alcuna relazione scritta ma, ciascun 
argomento veniva esposto da un esperto 
e la relazione era seguita da un’animata 
discussione. 

FRANCIS CLAUSER si incaricò di 
pubblicare in un volume i risultati 
del simposio ed in questo lavoro ebbe 
come collaboratori i suddetti relatori. 

Il lettore troverà l’opera di grande 
interesse perchè essa gli offre una vasta 
panoramica su tutte le branche in cui 
la Fisica del Plasma può suddividersi. 
Ciascun capitolo è stato curato da 
fisici di alto livello che hanno saputo, 
nel breve spazio a disposizione, mettere 
a fuoco i problemi fondamentali, spesso 
non ancora risolti, che stanno alla base 
della materia trattata. 

La trattazione è quindi tutt'altro che 
superficiale e destinata al fisico che si 
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è già interessato di plasma: egli potrà 
trovare in questo libro un ausilio, 
direi unico, per orientarsi nella complessa 
dinamica dei gas ionizzati, sia di labo- 
ratorio che dello spazio interstellare. 

Alla fine del libro è riportata una 
bibliografia aggiornata al 1958. 

Dal Simposio di Woods Hole, sono 
passati più di due anni e si può quindi 
notare che qualche capitolo (i primi 
quattro e il settimo), relativo alla dina- 
mica dei plasmi prodotti in laboratorio, 
è un pò arretrato; comunque ancora 
valido. 

B. BRUNELLI 


H. Jones — The Theory of Brillouin 
Zones and Electronic States in 
Crystals. North Holland Pub. Co., 
Amsterdam, 1960; pp. xv-505, 
Hob; 


Questo libro espone la teoria degli 
stati elettronici nei cristalli nell’ap- 
prossimazione di particelle indipen- 
denti. Le proprietà generali degli auto- 


valori e delle autofunzioni monoelet- 
troniche sono introdotte, nel primo 
capitolo, per mezzo dello studio del- 


l'equazione di Schrodinger con poten- 


ziale periodico unidimensionale. I tre 
capitoli seguenti considerano le pro- 
prietà elettroniche che sorgono come 


conseguenza dell’invarianza della Hamil- 
toniana rispetto alle operazioni di sim- 
metria del l'effetto 
della (funzioni 
di Bloch e zone di Brillouin in tre dimen- 
sioni) è studiato nel II capitolo, l’ef- 
fetto delle simmetrie puntuali nel III 
e nel IV. Il metodo 
per trattare con un grande 
numero di atomi nella cella unitaria è 
sviluppato nel V capitolo. Nel VI sono 
discussi brevemente alcuni dei metodi 
per trovare le soluzioni approssimate 
dell’equazione di Schrédinger. L'ultimo 
«capitolo infine tratta gli aspetti più 


gruppo spaziale; 


simmetria traslazionale 


delle zone estese 
sistemi 
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rilevanti della teoria dell’accoppiamento 
di spin-orbita per gli elettroni nei cristalli. 

Come si vede da questo rapido som- 
mario, il libro non pretende di essere 
un testo generale sulle teorie elettro- 
niche dei solidi; esso tocca, secondo 
le intenzioni stesse del suo Autore, 
quegli aspetti della teoria che hanno 
validità generale, ed insiste piuttosto 
sugli aspetti matematici del problema che 
su quelli fisici. La sua lettura presup- 
pone la conoscenza di un testo intro- 
duttivo sulla teoria dei solidi, e va 
completata almeno con lo studio più 
dettagliato dei vari metodi di risolu- 
zione dell’equazione di Schròdinger e 
dei limiti di validità dell’approssima- 
zione di elettroni indipendenti; si pensi 
che non vi compare nemmeno un accenno 
al concetto di « buca ». 

Uno dei pregi del libro sta nel fatto 
che esso non presuppone nozioni parti- 
colari di matematica; i concetti essen- 
ziali alla trattazione sono introdotti 
in modo semplice e chiaro nel testo. 

L’esposizione è sempre lucida e rigo- 
rosa, ma un po’ astratta; le conside- 
razioni qualitative di carattere intro- 
duttivo e generale, e così pure gli esempi 
ed i richiami alla situazione fisica sono 
ridotti all'essenziale, e questo, senza 
diminuire l’interesse della opera, rende 
la lettura piuttosto ardua. 

R. FrescHI 


L. DRESDNER — Resonanse Absorp- 
tion in Nuclear Reactors. Perga- 
mon Press, Oxford, 1960; pp. 131, 
S. 40. 


Un interessante monografia della serie 
nucleare della Pergamon Press. L'Autore 
è riuscito a coordinare in poco più di 
cento pagine una lunga serie di lavori 
sull’argomento, distribuiti in rapporti e 
riviste talvolta non facilmente acces- 
sibili. In sostanza il problema discusso 
è il calcolo dell’integrale di risonanza, 
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il quale viene presentato nelle varie 
approssimazioni finora formulate sia per 
i sistemi omogenei che per i sistemi 
eterogenei. Arricchiscono la monografia 
diversi grafici e molte tabelle numeriche. 
Lo stato attuale della teoria è reso chia- 
ramente dall’ultimo capitolo, dove sono 
confrontate le misure sperimentali degli 
integrali di risonanza con i valori cal- 
colati. 

E. CLEMENTEL 


Reactions Between Complex Nuclei, 
Proceedings of the Second Con- 
ference on Reactions Between Com- 
plex Nuclei, May 2-4, 1960, Gat- 
linburg, Tennessee. Edited by 
A. ZUCKER, F. T. HowARD and 
E. C. HALBERT. John Wiley & 
Sons, Ine., New York, 1960; 
pp. 319, $ 7.00. 


Le ricerche sulla interazione della 
materia con ioni pesanti accelerati si 
sono sviluppate in questi ultimi anni 
ad un punto tale da costituire un capi- 
tolo a parte della fisica nucleare. Tali 
ricerche consentono di affrontare i piu 
importanti problemi della fisica dei 
nuclei, quali la diffusione, la fissione, 
le reazioni di transfer, ecc. Le carat- 
teristiche generali di questo metodo di 
indagine sono essenzialmente due. La 
prima è connessa con la grande massa 
del proiettile che consente di ottenere 
informazioni altrimenti non ottenibili: 
la seconda riguarda la possibilità offerta 
dagli ioni pesanti di fondersi con i 
nuclei del bersaglio per formare una 
materia nucleare altamente eccitata. 

I Rendiconti della «Seconda Con- 
ferenza sulle reazioni tra nuclei com- 
plessi » contengono, suddivisi in cinque 
capitoli, numerosi ed interessanti lavori 
sugli argomenti sopra accennati. 

Nel primo capitolo sono trattate le 
reazioni di transfer, cioè le interazioni di 
tipo « superficiale » caratterizzate dal tra- 
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sferimento di nucleoni da un nucleo 
complesso ad un altro (per esempio la 
reazione 199 Au+!4N +>198Au+1!3N). BREIT 
e collaboratori propongono due inter- 
pretazioni del fenomeno. In una il 
trasferimento del nucleone avviene diret- 
tamente mediante semplice « tunneling » 
dalla buca di potenziale del nucleo 
urtante a quella del nucleo bersaglio 
attraverso una regione ad energia cine- 
tica negativa. Nel secondo modello il 
processo di « tunneling » è preceduto da 
eccitazione coulombiana e ciò per tener 
conto del fatto che quest’ultima entra 
in gioco a distanze maggiori di quelle 
a cui può aver inizio la penetrazione 
delle barriere. Seguono poi quattro 
relazioni a carattere sperimentale riguar- 
danti reazioni di 
ey SIN) 

Il secondo capitolo, che tratta la 
eccitazione coulombiana, contiene sette 
relazioni riguardanti esperimenti svolti 
con ioni di neon, ossigeno, litio ed argon 
ed una relazione sulla teoria della ecci- 
tazione coulombiana multipla (K. ALPER 
ed A. WINTER). 

La parte più interessante di questo 
capitolo riguarda appunto i processi 
multipli (due o più eccitazioni successive 
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in un solo urto) in quanto essi sono 
possibili dal particolare tipo di 
proiettile (nucleo complesso) impiegato. 
ELBEK, STEPHENS e DIAMOND sono riu- 
sciti ad ottenere eccitazioni sestuple e 
momenti elevati (fino 
a 12); 

Il terzo capitolo riguarda la diffu- 
sione elastica e contiene nuove comuni- 
cazioni di cui alcune a carattere teorico. 

Il quarto capitolo tratta diversi 
argomenti e cioè i transuranici, la 
fissione e le reazioni con litio a basse 
energie. Esso contiene una comunicazione 
sul primo argomento, cinque sulla fis- 
sione del bismuto, oro, piombo ed uranio 
e tre sulle reazioni indotte dal litio. 
Tutti questi processi sono generati in 
urti vicini ed alcuni di essi sono carat- 
terizzati dal fatto che il nucleo 


resì 


angolari molto 


com- 
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posto derivante dall’unione di due nuclei 
complessi (proiettile e bersaglio) può 
avere un momento angolare eccezio- 
nalmente elevato, (>30h). Si 
in tal modo delle situazioni sperimentali 
irrealizzabili con gli ordinari proiettili. 
Particolare interesse offre il fatto che 
si può studiare la fissione sia diretta- 
mente che indirettamente, in quanto 
con i nuclei complessi si può anche 
realizzare il processo inverso, almeno 
approssimativamente. Le esperienze sulle 
reazioni indotte dal litio. a bassa energia 
hanno messo in chiara evidenza l'utilità 
del modello a cluster. 

L'ultimo capitolo tratta la forma- 
zione e le proprietà dei nuclei composti. 
In esso sono contenute tre comuni- 
cazioni a carattere teorico e cinque a 
carattere sperimentale. 


hanno 


Chiude questi rendiconti una inte- 
ressante esposizione riepilogativa di E. P. 
WIGNER. 

La lettura di questi rendiconti porta 
a due importanti considerazioni. La 
prima, nettamente positiva, riguarda 
Vimpressionante « allargamento di oriz- 
zonte » prodotto dall’impiego dei proiet- 
tili complessi nello studio della fisica 
dei nuclei. La seconda, preoccupante, 
riguarda il fatto che, su un totale di 
quaranta relazioni, soltanto tre non 
provengono da laboratori statunitensi. 
Preoccupante, si diceva, perchè, come 
qualcuno — forse esagerando — ebbe a 
dire durante la conferenza,i fisici nucleari 
che non impiegano proiettili complessi 
nei loro esperimenti, saranno tra breve 
considerati i parenti poveri della ricerca. 
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